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ABSTRACT
L e t H  d e n o te  th e  a lg e b r a  o f  H am ilto n  q u a te r n io n s  
o v e r  th e  f i e l d  Q o f  r a t i o n a l  num bers* The c o n ju g a te  £  o f
+ x l * l  + x 2 i 2  + x 3 * 3  d e f in e d  to  
x Q -  X jij^ -  x 2 i 2  "  x 3 i 3 " The t r a c e   ^ and  norm  N (£  ) 
o f  f  a r e  d e f in e d  t o  b e  ^  «■ £  and  £  £  r e s p e c t i v e l y .  An 
e le m e n t o f  Jfcf i s  s a i d  t o  be i n t e g r a l  i f  i t s  t r a c e  and  norm  
a r e  i n  th e  r i n g  Z o f  r a t i o n a l  in te g e r s *  The C a y le y  a lg e b r a  
C o v e r  th e  r a t i o n a l e  c o n s i s t s  o f  e le m e n ts  K o f  th e  fo rm  
*1 + K 2 v  a n d * 2  i n  #  .  M u l t i p l i c a t i o n  i s  d e f in e d
a s  fo l lo w s  t
(K j^ +  K 2 v ) ( X 1  + X 2 ^ )  ■ ( K y ^ i  “  ♦  ( X ^ < j  ♦  <^2 ^ 1 ^v #
The c o n ju g a te  K*  o f  K i s  d e f in e d  t o  b e  -  KgV. An 
e le m e n t K o f  £  i s  s a i d  t o  b e  i n t e g r a l  i f  i t s  t r a c e  T ( K )  -  
K + k * an d  norm  N(K ) -  K K *  a r e  i n  Z*
I n  t h i s  p a p e r  v e  assum e t h a t  a l l  m odules o f  i n t e g r a l  
e le m e n ts  c o n ta in  th e  i d e n t i t y  e lem en t*  L e t  771 b e  a  m odule 
o f  i n t e g e r s  i n  th e  C a y le y  a lg e b r a  w i th  k ^ ,  k ^ t . . .  , k y  
a s  a  Z - b a s i s .  By th e  no rm -fo rm  f o r  th e  b a s iB  k ^ v k ^ t • • •  , 
we mean th e  q u a d r a t i c  form
H (x) -  1 /2  J
w here  x  -  + . . .  + X ^ky.
an element A  - Xq
I n  t h i s  p a p e r  we w ish  to  d e a l  w ith  r in g s  o f  i n t e g r a l  
e le m e n ts .  The p rob lem  o f  how to  f in d  them  n a t u r a l l y  a r i s e s .  
We f i r s t  c o n s id e r  m odules o f  i n t e g e r s  o v e r  th e  l o c a l  r in g  
Z /p ^ f p a  p r im e , and  show t h a t  m odules w ith  c e r t a i n  norm* 
fo rm s a r e  r i n g s .
F o r  th e  c a s e  o f  odd p rim es  we u se  th e  f a c t  t h a t  an
i n t e g r a l  t e r n a r y  form  f  i s  e q u iv a le n t ,  to  th e  m odulus p * ,
0-1 p G-o 2 2t o  a  form  o f  th e  ty p e  p + p m^Xp + p m^x^ w here
® » ^ 1  mO'2 mi  i s  Pr *me t 0  P f o r  1 * 1» 2 » 3 .  We
show t h a t  a  module o f  i n t e g e r s  whose norm ~form  i s  F + cF
p
w here F « xg + a d j  f  i s  a  r in g  i f  and  o n ly  i f  c  i s  i n  Z.
An i n t e g r a l  t e r n a r y  form  f  i s  e q u iv a le n t ,  t o  th e  
m odulus 2  , to  one o f  th e  th r e e  fo l lo w in g  ty p e s  o f  fo rm st
CL. p Glp p OL* p
i )  2  + 2  m ^ 2  * 2  m3 x 3  * ® i ^ l  i CL2  l a ,3 * " i  0<*d
i i )  2^+2(Jx2 + XjXg + dx |) + pl 0 , 0 < a
j  > 0  o r  1 ,c
i i i )  2  ( j x 2  + XjXg + j x |  + X x 2 ) ,  S >  0 , \  even  i f  J ■ 1 .
We l e t  F •  Xq + a d j  f  w here f  i s  th e  fo rm  i n  i ) ,  i i ) ,  o r  
i i i )  and  c o n s id e r  th e  form  F + cF w ith  c i n  Q. When F + cF 
i s  n o t  an  i n t e g r a l  fo rm , i t  may b e  p o s s ib le  f o r  some v a lu e s
( lL 4}
o f  o t o  cho o se  a  m a tr ix  Vv * '  w ith  e le m e n ts  0  o r  1  su ch  
t h a t  th e  t r a n s f o r m a t io n  whose m a tr ix  i s
I 4  1 /2  V
I ,
c a r r i e s  F + cF i n t o  an  i n t e g r a l  form  J
v
N e c e ssa ry  and  s u f f i c i e n t  c o n d i t io n s  a r e  o b ta in e d  i n  o r d e r  
t h a t  P + cP be tra n s fo rm e d  i n t o  an  i n t e g r a l  form  3  • We 
th e n  o b ta in  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t io n s  f o r  th e  
i n t e g r a l  form  3  to  be th e  norm -form  o f  a  r in g *
I n  th e  l a s t  c h a p te r  we c o n s id e r  m odules o f  i n t e g e r s  
o v e r  Z / p \  p a n  odd p r im e , o n ly . I f  'JU i s  a  m odule o f  
i n t e g e r s  w ith  norm -form  3  , 3  i s  e q u iv a le n t  to  a  form
2  ^ 1  2  0 ^ 7  o( 1 ) * 0  + mjP Xj_ + . . .  + m^p f Xy
w here 0 < CL ^ < . . .  < OL^, i s  e i t h e r  1 o r  u  ( V  a
q u a d r a t i c  n o n - re s id u e  o f  p ) ,  I f  771# i s  th e  m odule whose
norm -form  i s  ( 1 ) and  i f  771# p o s s e s s e s  an  iso m o rp h ic  module 
w hich  i s  a  r i n g ,  we show t h a t  ( 1 ) c a n  b e  r e a r r a n g e d  i n t o
p
th e  form  P + G w here P » Xq + a d j f  f o r  some i n t e g r a l  
t e r n a r y  fo rm  f ,  and  P i s  th e  norm -form  o f  some q u a te rn io n
r i n g .  We th e n  o b ta in  c o n d i t io n s  t h a t  P + G b e  th e  norm -
form  o f  a  r i n g .
v i
INTRODUCTION
L e t  04  d e n o te  th e  a lg e b r a  o f  H am ilto n  q u a te r n io n s  
o v e r  th e  f i e l d  Q o f  r a t i o n a l  num bers. We d e f in e  th e  
c o n ju g a te  £  o f  an  e le m e n t £  ■ x Q + Xi* x  + x 2 * 2  + x 3 * 3  
t o  b e  ^  * Xq -  x ^ l^  -  • • •  -  * 3 ^ 3 * We 8ay  f
I n t e g r a l  I f  i t s  t r a c e  T ( £  ) -  2 xq ■ £  + £  and  norm
" < £  > •  * 0  ♦ * 1  ♦ * 1  * x 3 ’  f  f  a r e  i n  th e  r i n g  Z o f
r a t i o n a l  i n t e g e r s .  A c c o rd in g ly ,  £  an d  £  s a t i s f y  an  
e q u a t io n  £  ^  -  T (£  ) £  + N ( ^  ) -  0  w i th  c o e f f i c i e n t s  i n  Z. 
The r i n g  o f  e le m e n ts  Tj -  yQ + y j i j  + 7 ^ 2  + ^3*3 w ith  
y o t  . . .  , 7 ^ i n  Z i a  c a l l e d  th e  L i p s c h i t z  r i n g  and  i s  
d e n o te d  by  L . I t  i s  n o t  a  m axim al r i n g  i n  0 4  b u t  h a s  th e
p r o p e r ty  t h a t  i t s  no rm -fo rm  i s  th e  q u a d r a t i c  form
•2 2 2 2 
* 0  + * 1  + * 2  + y 3 * H u rw itz  e x te n d e d  L to  a  m axim al r i n g
H w hose e le m e n ts  a r e  o f  th e  fo rm  (Uq + u ^ i l  + U gig + U j l ^ ) / 2
w here  Uq, . . .  , u^ a r e  i n  Z an d  a r e  a l l  ev en  o r  a l l  odd .
I t  c an  b e  shown t h a t  H i s  th e  o n ly  r i n g  o f  i n t e g e r s  i n  04
c o n ta in in g  L a s  a  s u b r in g .  I n  f a c t ,  th e  o n ly  m odule o f
i n t e g e r s  i n  J 4  c o n ta in in g  L a s  a  p r o p e r  s u b s e t  i s  H.
We s h a l l  d e n o te  b y  £  th e  C a y ley  a lg e b r a  o v e r  th e  
r a t i o n a l e .  Any e le m e n t K o f  £  c a n  b e  w r i t t e n  a s  
K i  ♦ K 2v  w i th  an d  k 2  i n  ) 4  • M u l t i p l i c a t i o n  i s
1
2d e f in e d  a s  f o l lo w s ;
+ K2*)(X 1 * X2v) - (KjXj - \ 2 k2^ * &2*1 + K^ ) ' r *
y 4  h a s  f o u r  h a s a l  e le m e n ts  1 , i ^ ,  i g ,  i j  f o r  w hich  
th e  m u l t i p l i c a t i o n  t a b l e  i s  w e ll-k n o w n . th e n  h a s  e i g h t  
b a s a l  e le m e n ts  1 , i ^ ,  . . .  , i ^ ,  v ,  i j V ,  ig V , i ^ v  som etim es 
d e s ig n a te d  a s  i Q, i ^  . . .  , i ^ .  Ve d e f in e  th e  c o n ju g a te  
K * o f  K to  b e  K^ -  K  gV. An e lem e n t K o f  f  i s  s a i d  
t o  be i n t e g r a l  i f  i t s  norm K K*  and  t r a c e  K + K *  a r e  
i n  Z. The m odule o f  i n t e g e r s  c o n s i s t i n g  o f  th e  e le m e n ts  
K^i + KgV w ith  K ^ an d  K g i n  L w i l l  b e  d e n o te d  by  Cq.
Cq i s  n o t  m axim alt b u t  i t  h a s  a  sum o f  e i g h t  s q u a re s  f o r  
i t s  no rm -form .
L e t  771 b e  a  module o f  i n t e g e r s  i n  f  w ith  kQ, k ^ ,
. . .  , ky  a s  a  Z - b a s i s .  S in c e  we s h a l l  assum e Tjfc c o n ta in s  
th e  i d e n t i t y  e le m e n t, we may ta k e  kg * 1 . By th e  norm - 
form  f o r  th e  b a s i s  k g , k ^ , . . .  , k^ we s h a l l  mean th e  
q u a d r a t ic  form
w here x  -  xq^ 0  + * 1 * 1  + • • •  + norm -form  w i l l
b e  an  i n t e g r a l  p o s i t i v e - d e f i n i t e  o c to n a ry  w hich  i s
r a t i o n a l l y  e q u iv a le n t  t o
3L e t f  •  2a  a *e x * x a be a  t e r n a ry  q u a d r a t ic  
®*»P "1
form  w ith  m a tr ix  a  -  (a„p  ) ,  a Mp r a t i o n a l ,  and  l e t  
A ■ ( A«p ) ■ a d J a * We s h a l l  now d e f in e  th e  q u a te rn io n  
a lg e h r a  a s s o c i a t e d  w ith  th e  form  f .  T h is  a lg e b r a  h as  
f o u r  b a s a l  e le m e n ts  1 , i ^ ,  i 2 * i j  s a t i s f y i n g  th e  m u l t i p l i ­
c a t i o n  t a b l e
i 2  -  - A . „  (O t .  1 ,  2 ,  5 )
i 2i 3 ’  _A23 + 2 .  *1“ i 5i 2 " "A32 -  2  “ l * 1"
w ith  i ^ i ^ ,  and  so  o n , o b ta in e d  by  p e rm u tin g  th e  s u b s c r i p t s  
c y c l i c a l l y .  The e le m e n ts  o f  th e  a lg e b r a  have th e  f o r a
X ■ Xq + ^  Xw iK •
The H am ilto n  q u a te r n io n s  a r e  a s s o c ia t e d  w ith  t h e  f o r a
2 2 2 
X 1  + x 2  * x 3  *
I n  t h i s  p a p e r  we w ish  to  d e a l  w i th  r i n g s  o f  i n t e g r a l  
e le m e n ts .  The p ro b lem  o f  how to  f i n d  them  n a t u r a l l y  a r i s e s .  
One may c o n je c tu r e  t h a t  i f  f  h a s  i n t e g r a l  c o e f f i c i e n t s ,  
i t  s h o u ld  b e  p o s s i b le  t o  a s s o c i a t e  w ith  i t  i n  some m anner 
a  r i n g  o f  i n t e g r a l  e le m e n ts .  The c o n ju g a te  x  o f  x  i s  
Xq -  X ji^  -  3C2 i 2  “  x 5 * 3  and  th e  norm xx  ■ x*  i s  fo u n d  to  be
3
( 1 )  \ f j  -  x g  + ^  m  S ( X q  + X ^ i^  + X g ig  + X j i j )  .
When f  h a s  i n t e g r a l  c o e f f i c i e n t s ,  a ^  c a n  b e  h a l f  an odd
4i n t e g e r  i f  OC /  f t  , and  h en ce  th e  c o e f f i c i e n t s  o f  nay
n o t  b e  i n t e g r a l .  To o b ta in  i n  th e  s im p le s t  p o s s ib le  m anner 
a  r e l a t e d  form  w hich  does h av e  i n t e g r a l  c o e f f i c i e n t s ,  i t  
i s  n a t u r a l  t o  t r y  c o m p le t in g  s q u a r e s .  T hus:
+ ( 2 A j1  + £ jE 1 / 2 )XjX 1  + (2A^2  + c l e 2 ^ ^ acl * 2  •
One f i n d s ,  f o r t u n a t e l y ,  t h a t  e ^ ,  e 2 , e 3  c a n  1 )0  ch o sen  i n  Z 
so  t h a t  th e  fo rm  i n  ( i #) h a s  i n t e g r a l  c o e f f i c i e n t s .  I n  f a c t ,  
one ca n  an d  m ust ch o o se  t o  b e  even  o r  o d d  a c c o rd in g  a s  
2 a i s  ev en  o r  odd w here <X % p  , y  i s  * p e r m u ta t io n  o f  
1 ,  2 ,  3 .  We s h a l l  r e f e r  t o  ( 1 ' )  a s  th e  B ra n d t n o rm -fo rm . 
A c c o rd in g ly , w ith  a  g la n c e  a t  ( 1 ) ,  we n a t u r a l l y  c o n s id e r
X q  + C j / 2 - x ^  +  e 2 / 2 - x 2  +  E j / 2 « X j  +  +  x 2 * '2  +
-  Xq + + x 2 j 2  + x 5 J 5
where - e^/2 + ia ( oc ■ 1, 2, 5) and notice that the 
integral form in (1') is exactly the norm of Xq + x^j^
+ X2 J 2  + and  c a n  now v e r i f y  t h a t  th e  sy s te m
{xq + x ^  + x 2 J 2  + x 5 J 5 : X q, x x , x2 , x 5  e  Z} i s  in d e e d  a  
r i n g .  I t  i s  c l e a r  t h a t  t h e  sum o f  i n t e g r a l  q u a te r n io n s  
i s  i n t e g r a l .  A ls o ,
5d g  “ Eot d«r " ^ e t t i  "
dgd^ * ( i g  ^ E2 / 2 ) ( i j  + e 3 / 2 )
-  -A2 3  -  1 / 2  ^  «iotEec -  ®2 e 3 ^ 4  + * 1 1 ^ 1
+  (®12 *  £ 372)^2  *  (®13 +  * 2^^^3  *
Now -A WK -  / 4  i s  i n  Z , and  l ik e w is e
2^3 + ^  ^  ®icce«, + 62^ 3/4 ■ (a  ^+ £j/2)(&3^  + g2/2)
“ a l l ^ a 32 + e l ^  * a l l 6l
i s  i n  Z. A f t e r  com pu ting  th e  o th e r  p ro d u c ts  i n  a  s i m i l a r  
m an n er, we s e e  t h a t  th e  sy s te m  d e f in e d  above i s  a  r i n g  o f  
i n t e g r a l  q u a te r n io n s .
L e t  3 i h e  a  q u a te r n io n  a lg e b r a  d e f in e d  a s  i n  th e  
p r e v io u s  p a r a g r a p h s .  L e t  7TL b e  a  m odule o f  i n t e g e r s  i n  
H  w ith  a  Z -b a s is  k ^ , k ^ ,  k 2 , k y  S in c e  we s h a l l  assum e 
t h a t  T f l  c o n ta in s  th e  i d e n t i t y  e le m e n t, we may ta k e  k^ -  1 . 
' f f l  h a s  h ^  ♦ g  f o r  i t s  no rm -fo rm  w here
h  -  1 /2  J  T (k „  )**
8  ■ l / »  J  (  T O ^ E j)  -  T (k ^ l^ )  .
P a l l  an d  I rw in  h av e  c h a r a c t e r i z e d  th e  n o d u le s  w h ich  a r e  
r i n g s  i n  te rm s  o f  t h e i r  n o rm -fo rm s. I n  [33*  I r w in  shows
* P a ir s  o f  A ra b ic  n u m e ra ls  i n  b r a c k e t s  r e f e r  t o  c o r ­
r e s p o n d in g ly  num bered  r e f e r e n c e s  i n  th e  S e le c te d  B ib lio g ra p h y  
an d  page  n u m b e rs , r e s p e c t i v e l y .  A s i n g l e  A ra b ic  nu m era l i n  a
b r a c k e t  r e f e r s  t o  t h e  c o r r e s p o n d in g ly  num bered r e f e r e n c e  i n
th e  S e le c te d  B ib l io g ra p h y .
6t h a t  t h e r e  e x i s t s  a  t e r n a r y  fo rm  f  w ith  r a t i o n a l  c o e f f i c i e n t s ,  
u n iq u e  e x c e p t  f o r  s i g n ,  su c h  t h a t  g  « a d j  f .  771 1 * th e n  
a  r i n g  i f  and  o n ly  i f  th e  c o e f f i c i e n t s  o f  f  a r e  i n  Z. A ls o , 
r e s u l t s  o f  [ 3 3  show t h a t  e v e ry  m axim al m odule o f  i n t e g e r s  i n  
y>f i s  a l s o  a  r i n g .
I n  t h e  C a y le y  a lg e b r a  i t  i s  n o t  t r u e  t h a t  m axim al 
m odules o f  i n t e g e r s  a r e  n e c e s s a r i l y  r i n g s .  H ow ever, E s te s  
an d  P a l l  h av e  shown i n  a  fo r th c o m in g  p a p e r  [2 ]  t h a t  a  m axim al 
m odule o f  i n t e g e r s  w hich  c o n ta in s  t h e  n a iv e  r i n g  CQ p o s s e s s e s  
an  is o m o rp h ic  m odule w h ich  i s  a  r i n g .
I t  i s  now n a t u r a l  t o  a s k  1 'f  a  m odule o f  i n t e g e r s  i n  
P  w h ich  i s  a  r i n g  c a n  be c h a r a c t e r i s e d  i n  some way by  
i tB  n o rm -fo rm . I n  t h i s  p a p e r  we s h a l l  c o n s id e r  m odu les o f  
i n t e g e r s  o v e r  th e  l o c a l  r i n g  Z /p r , p  a  p r im e . Ve show t h a t  
a  m odule o f  i n t e g e r s  w i th  any  o f  c e r t a i n  ty p e s  o f  n o rm -fo rm s 
i s  a  r i n g .  A ls o , c o n d i t io n s  on th e  no rm -fo rm  a r e  o b ta in e d  
i n  o r d e r  t h a t  a  m odule o f  i n t e g e r s  p o s s e s s  a n - iso m o rp h  ( i n  
th e  m odule s e n s e )  w h ich  i s  a  r i n g .
Van d e r  B l i J  an d  S p r in g e r  i n  [73 show t h a t  a  m odule 
772. o f  i n t e g e r s  i n  £  i s  a  m axim al r i n g  i f  an d  o n ly  i f  
( 1 )  th e  i d e n t i t y  e  i s  i n  777 • (2 )  ( x y ,s )  e Z i f  x ,  y ,  z  e } f l  , 
w here  ( a , b )  -  N (a  ♦ b )  -  N (a) -  N (b) i s  a  b i l i n e a r  f u n c t i o n ,
(3 )  777 i s  & maximal module on which H(x) e Z»
CHAPTER I  
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I n  t h i s  p a p e r  we s h a l l  d e n o te  by F (p )  th e  f i e l d  
o f  p - a d ic  num bers and  by  F(°*) th e  f i e l d  o f  r e a l  nu m b ers .
We s h a l l  u s e  th e  n o t a t i o n  ( a /p )  f o r  t h e  L eg en d re  
s y a b o l  r e c a l l i n g  t h a t  ( a / p )  ■ + 1  i f  a  t  0  nod  p an d  a  i s  
a  q u a d r a t i c  r e s id u e  nod p t and ( a / p )  * - 1  i f  a  i s  a  
q u a d r a t i c  n o n - re s id u e  mod p .
I f  p i s  an y  p r im e , an d  a  an d  b  a r e  n o n -z e ro  r a t i o n a l e ,  
th e  H i l b e r t  s y a b o l  ( a ,b )  w i l l  b e  d e f in e d  t o  b e  ♦1 i f  t h e r e
a  a
e x i s t  Xj» i n  F (p )  su c h  t h a t  ax^  + b x |  •  1* an d  - 1  o t h e r ­
w is e .  I f  we w r i t e  a  -  pu a 'a n d  b  » pvb '  w ith  a '  and  b # p rim e 
to  p ,  we have  th e  f o l lo w in g  fo rm u la s  f o r  th e  e v a lu a t io n  o f  
( a , b ) p *
(p ua # ,p vb #) p  -  ( a V p ) v ( b ' / p ) u ( - l / p ) uv  ,  i f  p i s  odd*
( 2 u a \ 2 vb ' ) 2  -  ( 2 / a ' ) v ( 2 / b ' ) u ( - l ) k t w here k  -  ( a ' - l ) ( b #- l ) / 4 ,
an d  w here ( 2 / a )  d e n o te s  + 1  i f  a  a  - 1  mod 8 , - 1  i f  a  s  - 3  mod 8 . 
A l l  t h i s  can  b e  i n t e r p r e t e d  f o r  p - a d ic  num bers i n s t e a d  o f  
r a t i o n a l  num bers i n  th e  o b v io u s  w ay.
L e t  f  be a  q u a d r a t i c  f o r a  w ith  c o e f f i c i e n t s  i n  F (p )  
an d  n o n -z e ro  d e te r m in a n t .  I f  A i s  th e  m a tr ix  o f  f , by  
we s h a l l  mean th e  le a d in g  i  by  i  d e te rm in a n t  i n  th e  u p p e r
7
8l e f t  hand  c o r n e r  o f  A. I f  [ c f . ( 6 ) ]  f  h a s  no two 
s u c c e s s iv e  « 0 , we s h a l l  d e f in e  th e  H asse  sym bol cp ( i )  
a s  f o l lo w s :
n - 1
cp ( f )  -  ( - 1 ,  - V p 1 ^  (Di t -D1+1).P *
I n  t h i s  p a p e r  we s h a l l  make u se  o f  th e  f o l lo w in g  
th eo rem :
Theorem : Two fo rm s w ith  r a t i o n a l  c o e f f i c i e n t s  and  n o n -z e ro
d e te rm in a n ts  d^ and  d2  and  n^ and  n 2  v a r i a b l e s  r e s p e c t i v e l y
2a r e  r a t i o n a l l y  e q u iv a le n t  i f  and  o n ly  i f  n^  « n 2 , d^ « t  d2 , 
an d  th e y  a r e  p - a d i c a l l y  e q u iv a le n t  f o r  e v e ry  p . The con­
d i t i o n s  o f  p - a d ic  e q u iv a le n c e  when p i s  a  f i n i t e  p rim e a r e  
( i f  n^ -  n 2  and  d j /d g  i s  a  p - a d ic  s q u a re )  CpCfj^) -  cp ( f 2 ) ,  
and  f o r  th e  p rim e  M i t  i s  t h a t  th e  fo rm s have th e  same
in d e x  ( th e  i n v a r i a n t  u n d e r  r e a l  n o n - s in g u la r  t r a n s f o r m a t i o n s ) .
s
I f  th e  t r a n s f o r m a t io n  x . -  2  t 4 .y .,, t ,  . e  Z,
1  j « l  J
( i  « 1 , . . .  , s )  w ith  m a tr ix  T « ( t ^ j )  c a r r i e s  th e  i n t e g r a l  
fo rm  f ( x ^ t * x s ) i n t o  th e  i n t e g r a l  form  g (y 1 , . . .  ,y 8 )
« ^  ■ i*  • • •  * ®) th e n  B ■ T'AT w here T '
d e n o te s  th e  t r a n s p o s e  o f  T , B r e p r e s e n t s  th e  m a tr ix  o f  g ,  
an d  A r e p r e s e n t s  th e  m a tr ix  o f  f .  I f  | t | 9 th e  d e te rm in a n t  
o f  T , i s  1 ,  th e n  T” 1  i s  a  m a tr ix  w ith  e le m e n ts  i n  Z, and  
we can  w r i t e  A ■ (T“ ^ ) 'B T . I f  f  i s  t r a n s fo rm a b le  i n t o  g  
by  a  t r a n s f o r m a t io n  o f  d e te rm in a n t  1 ,  we s h a l l  c a l l  f  an d  
g u n im o d u la rly - e q u iv a le n t  o r ,  b r i e f l y ,  e q u i v a le n t .  A l l
9fo rm s e q u iv a le n t  t o  a  g iv e n  fo rm  a r e  e q u iv a le n t  to  each  
o t h e r  and c o n s t i t u t e  a  c l a s s  o f  fo rm s .
Two fo rm s f  and  g  w i l l  h e  c a l l e d  e q u i v a l e n t ,  t o  th e  
m odulus H, i f  t h e r e  e x i s t s  i n  th e  c l a s s  o f  f  a  fo rm  whose 
c o e f f i c i e n t s  a r e  c o n g ru e n t ,  t o  th e  m odulus N, t o  th e  c o r ­
re s p o n d in g  c o e f f i c i e n t s  o f  g .  I n  [ 5 ;3 5 1  P a l l ,  e s s e n t i a l l y
f o l lo w in g  M inkow ski, g iv e s  th e  f o l lo w in g  two lem m as:
s
Lemma: L e t  s  > 2 ,  f  ■ 2 a . . x . x . .  L e t  t  b e  p o s i t i v e ,  
i , d - l  1  3
4>
p an  odd p r im e . Then f  i s  e q u i v a l e n t ,  t o  th e  m odulus p , 
t o  a  form  g  o f  th e  ty p e
CLi 2  a 2  2  Q-s 2
8(7!* *ys) - P + P 0^2 + ••• + p ma7a
( 0  ( Cl^ ^ •** ( Q g ) )
th e  a ± b e in g  i n t e g e r s  and  th e  m  ^ p rim e  to  p .
Lemma: L e t  8  £ 2 , t  ) 0 ,  Then f  i s  e q u i v a l e n t ,  t o  th e  
m odulus 2 ^ ,  t o  a  fo rm  o f  th e  ty p e
g (y x , . . .  ,y 8 ) « 2  m ^  + . . .  + 2  n^yu
f .1  2  2
♦ 2  W t u + 1  + « '  yu+ 1 yu + 2  ♦ »2 yu+ 2 )
+ . . .  + 2r v (n 2 v . 1 y 8 _ i + " ( ,r )y a - i y 8  ♦
w here ( a )  th e  f t  ^ a n d  a r e  n o n - n e g a t iv e  i n t e g e r s ,  th e  
m ^ ^  a r e  o d d , and  s  -  u  + 2 v ,  u  £ 0 , v  > 0 }
(b )  th e  m ^ )  may b e  ta k e n  to  bfe a r b i t r a r y  odd
10
integerst sad n^, n^ , ••• , n2v-l to 1)6 odd* 
(o) for no i and d is a/3^ ♦ 1 equal to a y  y
l i s t  771**  *  n o d u le  o f  i n t e g e r s  i n  g  w ith  
• • •  « a s  a  Z -b a s is  and  n o m - f o r a  f .  L e t  j  d e n o te  th e  
row  v e c to r  (d o * J i»  • • •  « ^ ) *  C o n s id e r  a  t r a n s f o r m a t io n  
w i th  m a tr ix  9  -  ( t ^ ) *  t ^ j  e Z, |T |  * 1 ,  and  l e t  9 c a r r y  
f  i n t o  some form  g .  Then 771 i s  t r a n s fo rm e d  i n t o  an  
iso m o rp h ic  m odule 771* o f  i n t e g e r s  w ith  no rm -form  g . A ls o , 
k  * ( k ^ k ^ ,  . . .  ,k y )  ■ J* T , an d  Aq, k ^ ,  »•« , k^ i a  a  
Z -b a s is  o t j f l ' .  Hence we s e e  t h a t  e v e ry  m odule o f  i n t e g e r s  
J f l  p o s s e s s e s  an  isom orph  77V whose norm -fo rm  h as  a  
r e s id u e  modulo p* g iv e n  by  one o f  th e  lemmas i n  th e  p r e -  
e e d ln g  p a ra g ra p h .
m a tr ix  A. By d^ we s h a l l  d e n o te  th e  g . c . d .  o f  th e  s e t  
o f  p r i n c i p a l  m in o r d e te rm in a n ts  o f  o r d e r  k  i n  A and  th e  
d o u b le s  o f  th e  n o n - p r in c ip a l  m in o rs o f  o r d e r  k .  Ve s h a l l  
d e f in e
8
L e t  f  - a , . x , x .  b e  an  i n t e g r a l  fo rm  w ith
(k  ■ 1 , . . .  ,  8 —l )
11
F a l l  liaa  shown i n  [5 ;3 5 3  th e  fo l lo w in g  p r o p e r t i e s  o f  th e  ofc:
The ok a r e  i n t e g e r s ;  M oreover, o ^ , . a r e  p o s i t i v e
ok  jf 2  mod 4  (k  •  0 ,  1 ,  . . .  , s )
I f  a n y  ok  ( k  •  1 ,  . . .  ,  s - 1 ) i s  o d d , th e n  o k - 1  = ok + 1
“ 0  mod 16
ok ( t f )  m ok ( f )  f o r  t  i  r e a l  num ber.
A ll  fo rm s i n  s  v a r i a b l e s  w ith  th e  same in d e x ,  th e  same
d i v i s o r  d ^ , an d  th e  same v a lu e  o f  th e  i n v a r i a n t s
o ^ , . . .  , oa - 1  c o n s t i t u t e  an  o r d e r .  The o ^ ,  . . .  ,  o f l _ 1
a r e  c a l l e d  th e  o - i n v a r i a n t s .
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I n  t h i s  c h a p te r  we s h a l l  c o n s id e r  n o d u le s  o f  
i n t e g e r s  o v e r  th e  l o c a l  r in g  Z /pr , p a  p r im e , and show
t h a t  m odules w ith  c e r t a i n  norm -form s a r e  r i n g s .
We f i r s t  c o n s id e r  th e  c a se  o f  odd p rim es , I n
view  o f  th e  lemma o f  th e  p re v io u s  c h a p te r ,  a n  i n t e g r a l  
t e r n a r y  form  i s  e q u iv a le n t ,  to  th e  m odulus p  , t o  a
0*1. a a ?
form  o f  th e  ty p e  p “ j x j  + P m2x 2 + ^  3X3 wbere
0 S Q ' l l Q * 2 - a ' 3  6X 14 mi  i s  prim e to  p f o r  i  ■ i f  2 , 3* 
T hus, an  i n t e g r a l  t e r n a r y  form  w ith  c o e f f i c i e n t s  i n  Z /pr
i s  e q u iv a le n t  to  a  d ia g o n a l  form  o f  th e  ty p e  j u s t  m en tio n ed ,
_a lTheorem 1 » L e t p be an  odd p rim e and f  
CLz p
. • • + p “ 5 X5  w here 0 ( C X ^ < . . . < a ^  and  m  ^ p rim e to  
p f o r  i  -  1 ,  2 , 3* The module JJI  whose norm -form  i s  F + cF
p
w here F -  xg + a d j  f  i s  a r i n g  i f  an d  o n ly  i f  c i s  
i n t e g r a l .
P ro o f :  We d en o te  th e  m a tr ix  o f  f  by  a  *
Cti 
p i
0
0
< *2_
0
0
a *
0  p  m
an d  th e  m a tr ix  o f  a d j  f  by
12
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a 2 +o$
■2 « 5
0
0
& i +0$
®2.b 3
CLi +02
■ l “ 2
The
q u a te r n io n  a lg e b r a  a s s o c i a t e d  w ith  f  h a s  f o u r  b a s a l  
e le m e n ts  1 ,  J 2 * d j  w h ich  s a t i s f y  t h e  m u l t i p l i c a t i o n
t a b l e
2 a _ ,2 _ j2 -a l',a2- -
0i  ■ —P 2 3* 2 * 1 3 *  3 " “P * i b2
a -1CLx __
f 2 )  "  P * jd j»  ^1^3 * ”P *2^2* ^2*^3 "  ^  *1^1
an d  dp d8  -  - d 8 dP f o r  r , s  « 1 , 2 , 3 .
TTL h a s  f o r  a  Z - b a s is  th e  e i g h t  e le m e n ts  l v d2 , J ^ ,  
d4 * J 5 * d6 * J 7  w here
( 3 )  d^  * “ O* d j  * d^di|.t dg
O
S in c e  d£ -  - e *  e  m ust be  i n t e g r a l .  I n  v iew  o f  (2 )  an d
( 3 ) we h av e  c l o s u r e  f o r  a l l  p ro d u c ts  dPd8 * r , s  > 1 , 2 , . . .  , 7
i f  an d  o n ly  i f  c i s  i n t e g r a l .
Ve now c o n s id e r  th e  p rim e  2 . P a l l  h a s  shown i n  
[4 ;2 9 9 1  t h a t  an  i n t e g r a l  t e r n a r y  fo rm  i s  e q u i v a l e n t ,  t o  
th e  m odulus 2 ^ ,  t o  one o f  th e  t h r e e  f o l lo w in g  ty p e s  o f  
fo rm s :
i ) 2Cllm1ac^  ♦ ^ * 2*1 + 0 £ a x £ a 2 < CLy
m  ^ o d d ,
14
i t )  2^ + a ( j * f  ♦  x j x 2  + j x | )  ♦  a F iu c |,  p >  o ,  o  $ a  < /?  ,
j  -  0  o r  1 ,
111) + *ix2 + *^x2 + X*|)« S 2 °» X even i f  j ■ 1.
H ence, an  i n t e g r a l  t e r n a r y  form  w ith  c o e f f i c i e n t s  i n  Z /2 r  
i s  e q u iv a le n t  to  one o f  th e  th r e e  ty p e s  o f  fo rm s m e n tio n ed  
ab o v e .
p
A g a in , l e t  F * xg + a d j  f  w here f  i s  th e  form  i n  
i ) ,  i i ) ,  o r  i l l ) .  Now l e t  c be  i n  Q and c o n s id e r  th e  form  
F + cF . When F ♦ cF i s  n o t  a n  i n t e g r a l  fo rm , i t  may be 
p o s s i b l e  f o r  some v a lu e s  o f  o t o  choose  a  m a tr ix  V 
w ith  e le m e n ts  0  o r  1  su ch  t h a t  th e  t r a n s f o r m a t io n  T whose
m a tr ix  i s
I *  1 / 2 *V
c a r r i e s  F + cF i n t o  an  i n t e g r a l
form  w hich we s h a l l  d e n o te  by J  •
F* 1 /2 .F *V
1 /2 .V 'F ,  1 /4 .V 'F * V  ♦ cF*
1/2* V 
x*
w ith  F* d e n o t in g  th e  m a tr ix  o f  F , i s  th e  m a tr ix  o f  an  
I n t e g r a l  fo rm  i f  1 /4*V #F*V + c F , i s  th e  m a tr ix  o f  an  
i n t e g r a l  fo rm  ( o r  1/4«V 'F*V  + cF* i s  s e m i - i n t e g r a l ) •
---
---
1
w * o
1
F* 0
1 /2 -V ' I 4 0 cF*
-
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I n  i )  F , i s  o f  th e  ty p e
ty p e
1
0
0
0
0
x
y
o
o
y
X
0
0
0
0
z
1
0
0
0
0
x
0
0
0
0
y
o
o
o
o
z
and  o f  th e
i n  i i )  and i i i ) .  V w i l l  be
d e n o te d  by  ( ^ j ) *  0 < i ,  J < 3 *  w ith  -  0  o r  1,
Wo can  now s t a t e  th e  fo l lo w in g  r e s u l t s :
Theorem  2 : L e t  f  b e  o f  ty p e  i ) .  Then J  i s  a n  i n t e g r a l
fo rm  i f  and  o n ly  i f  one o f  c o n d i t io n s  a ) ,  b ) ,  o r  c )  h o ld s .
a )  c i s  i n  Z.
b ) c -  k/ 2  w ith  k  o d d , CL  ^ -  0 , and  0 3  a ^
c )  c ■ k /4  w ith  k  s  3 nod 4, o r  k  a  1  mod 4  an d
^ 1 * ^ 2 * ^ 3  * ®
a l f a 2  * CLj i  1» nii®2 “ 3 nod 4
0-1,a 2 ■ 0 ,  a 5 “ 1> m^mg a  1 mod 4
C lj * 0 )  ^ 2  * CLj
»
Theorem  3 : L e t  f  be o f  ty p e  i t ) .  Then 7  i s  an  i n t e g r a l
fo rm  i f  and  o n ly  i f  one o f  th e  c o n d i t io n s  a )  o r  b ) h o ld s .
a )  c i s  i n  Z.
b ) c  ■ k /4  w ith  k  5  3 nod  4 .
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Theorem  4 i L e t f  be o f  ty p e  i l l ) .  Then 3 ’ I s  an  I n t e g r a l  
form  I f  and  o n ly  I f  one o f  c o n d i t io n s  a )  o r  b )  h o ld s*
a )  c i s  i n  Z.
b )  c ■ k /4  w ith  k  a  3 mod 4 ,  8)0, o r
k  a  1 mod 4 ,  8 - 1 *  and
X -  0 mod 8 .
CLo-^ CU CL^+CL
P ro o f  o f  Theorem 2 : Ve have x  » 2 ■/m2m3 , y  -  2 ^m^m^,
0,-,+CU
z ■ 2 mi n2 *o r  bbe e n t r l eB 1 °  F** m a tr ix
1/4*V*F*V <f cF* i s  sy m m e tric , an d  we s h a l l  d e n o te  i t  by
w ith  b ^ j  » b ^  f o r  i  /  3 . We have t h a t
2 2 2 \  
r10 + yv20 + zy30) + c
2 .  2 .  2
< v . o  i
18 1 /4 <voo
b l l 1 /4 ^v01
b22 1 /4 <v02
b33 1 /4 ^v05
+ xv,, +11 -  **21 * " )1 >  * cx
2 2 2 
12 + 3^22 + zv3 2 ' T wjr
A (v§5 + xv^ j + yv|5 + zv^ j) + cz
b10 ‘ 1 /4 ^V00V01 + ^ 1 0 ^ 1 ♦ yv20v21 + *t30y31)
O' 8 l 1 /4 (v00v02 + xv10v12 + 3^20v22 + zv30v32^
b30 " 1 /4 ^V00V03 + x v io vi 3 + y v ^ v g j ♦ ZV30V33)
b21 " 1 /4 (v01v02 + * * 1 1 * 1 2  + 3 ^ 2 1 ^ 2  + zv31v325
b31 " 1 /4 (v01v03 + XV11V13 + 3nr21v23 ♦ zv31v33)
b3 2 « 1 /4 (v02v03 + xv12v13 + 3^22v23 + zv32v33}*
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I f  I 8  bhe m a tr ix  o f  an  i n t e g r a l  fo rm , th e n  th e
i  * j ,  m ust b e  i n t e g e r s  and  th e  b i y  1  ^  m ust b e
h a lv e s  o f  i n t e g e r s .  T h a t i s ,  we m ust h av e
2  :f L24Q3 m 2 . P ’l <L3m »  « 2  S l l* ° 2 m 2  
v0 0 2 2^3 10 2 1 3  20 4 2 1 2 30
+ 4 c  s  0  mod 4
2  ^ Cla-Hlj 2  a i-K 3j 2  Q l*a 2 _ 2
*01 * 2  * 2 * 3 ( *11 * 4 c )  * 2  “ 1 * 3 * 2 1  ♦ 2  *1*2*31
■ 0  mod 4
\
2 ?a 2*a 3m n  v 2 . m ( J 2 * h.n't * -  «2
v 02 2 2 3 12 4 2 1 3 ^ 2 2  4 c '  4 2 ml* 2 Y32
■ 0  mod 4
, 2  oa 2'< l5_ _  v 2  * oa i + a 5 .  _  „ 2  * Cli-*a2  2  . „ -
▼ 0 3  + 2  m2*3v 13 2  1 3 23 2  “ l “ 2^v 33 ^
a  0  mod 4 ,
*  *  x pa 2< 1 3« „  „  „  » a i + a j ^
00 O r 4  2  2 3 10 l r  4  2  " l* 3  20v2 r
£X-1*®2
+ 2  ■ i1B2 v 3 oT3 r  1  0  BOd 2  f o r  r  -  x * 2 » ’ •
a .2+a3 N O-i
* 0 1 *0 r  + 2  * 2 *3 * 1 l * l r  * 2  * l* 3 * 2 1 * 2 r
CLi+CU
♦ 2  *i® 2 v 3 1 v 3 r  z  0  BOd 2  f o r  r  * 2 » 5 .  an d
C1 2 +CU Qi'KjL*
v02v03 4  2  *2ll3v 12v 13 4  2  ml* 3 v 22v23
CIi-K^o
4  2  *1II2V32V33 5  0  mod 2 *
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We f i r s t  show t h a t  i f  one o f  c o n d i t io n s  a ) ,
b ) ,  o r  c )  d o es n o t  h o ld*  th e n  ( b j j )  i s  n o t  th e  m a tr ix
o f  an  i n t e g r a l  fo rm .
F i r s t ,  su p p o se  c -  k/ 8  w ith  k  odd. I f  i s  
t o  b e  i n t e g r a l  we m ust have
00  2 ^  10 + 2 1 3 20
Ch+CU+l 2  
+ 2  c  “ l m2 v 3 0  + k  ® mod ®
w hich  i s  im p o s s ib le  w ith  k  odd .
N e x t, su p p o se  c * k /4  w ith  k  s  1  mod 4  and
a  x > 0 .  I f  bQQ i s  t o  be i n t e g r a l ,  we m ust have
o
Vqq ♦ k  a  0  mod 4  w hich  i s  im p o s s ib le  w ith  Vqq -  0  
o r  1 and  k  s  1 mod 4 .  Now, i f  -  0 and  Cl2  > 1 ,  we 
m ust have v Jq  + k  s  0  mod 4  w hich  i s  a g a in  im p o s s ib le .
I n  th e  c a s e  o f  CL^ , "  Ct2  11 0 * ^ 3  ) I*  n l m2 m 1  mod
2 2
we h av e  vJJq + ®i®2v0 0  + k  2  0  so d  4 ,  and  th e r e f o r e  
bQQ c a n n o t b e  i n t e g r a l .
F i n a l l y ,  su p p o se  c -  k /2  w ith  k  o d d . I f > 0 , 
we m ust h av e  Vqq + 2k  ■ 0  mod 4  i f  bQQ i s  to  b e  i n t e g r a l ,  
T h is  i s  d e a r l y  im p o s s ib le  w ith  k  o d d . N e x t, i f  CX^  ■ 0 
an d  a 2  > 1 ,  we have  th e  same im p o s s ib le  c o n d i t io n .
Ve now show t h a t  any  one o f  c o n d i t io n s  a ) ,  b ) ,  
o r  o ) g iv e s  r i s e  to  a  s e m i - in t e g r a l  m a tr ix  ( b ^ j ) •
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F o r  c o n d i t io n  c )  I f  k  « 5 mod 4  an d  we t a k e  
1 0  0 0
0
0
0
1
0
0
0
1
0
0
0
1
, I t  i a  c l e a r  t h a t  i s
s e m i- in te g r a l*  F o r  k  :  1 mod 4 a n d  CL ^  « 0 ,  we ta k e
0 1 1 l
1 0 1 lV - 1 1 0 l • Porc^ ■ ofa 2 B I* a 5 - i
_1 1 1 0
”  l 0 0 0 ~ ” 1 0 0 0 “
we may take V « v10 V11 V12 v13 or v10 V11 v12 v130 1 0 0 0 1 0 1
1 1 1 1 1 , 1 1 0
with V10* ▼u . ▼12* v13 arbitrarily 0 or !• If  Cl^  « 0,
P ro ■ 1. a 3 > l * we may take
V - v10 V11 1 v13 
v 20 1 v 22 v 23
w ith  v13* v 20* v 22*
and v 22 a r b i t r a r i l y  0 o r  1 .  F o r  OLj » a j  ■ °»  we may 
0 0 0 1
0  0  1 0
0 1 0  0
1 0  0 0
ta k e  V « i f  CL^ I  I t  “ 3 * 2  ~ ^ nod
20
an d  V i r  a 3  -  1 . ■3 * 2  * 1 nod  4 •
0 0 0 1
0 0 1 1
1 1 0  0 
1 0  0 0 
F o r  c o n d i t io n  b )  we have t h a t  e  -  k /2 ,  k  o d d , 
a  2  ■ 0  and  CL2 •  ! •  We may ta k e
0 0 0 0
0 0 1 0
0 0 0 0
1 0  0 0 
F o r  c o n d i t io n  a )  we ta k e  V ■ ( 0 ) .
an d  g e t  ( b ^ j )  s e m i - i n t e g r a l .
I n  th e  p ro o f  o f  Theorem s 3 and  4 ,  th e  e le m e n ts  
o f  th e  m a tr ix  a r e  th e  f o l lo w in g :
b 0 0  * 1 / 4  C v 0 0  * + v I a )  ♦ S y v ^ v ^  ♦ s v | ft] ♦ c10 T 20; 10 20
b l l  “ 1 / 4  C v 0 1  + x ( y l l  + y 2 1 * * ^ 1 1 ^ 2 1  * sv? i ] +
3 0 J
i = cx
b 22 * CVQ2 + * ( v i 2  + t 22^ ♦ 2yT12T22 * *',32^ * e3t
bJ5 - 1A [»|j ♦ x(t|j ♦ vfj) ♦ 27»15T2j ♦ swfjJ ♦ «*
b 10 * 1 /4  [T00T01 + x (T 10Tl l  * v20T21)
* y (T 10T21 + t20t 11^ ♦ " S O ’ J I 1
21
*20  * 1 /4  CW < > 2  * X<V10V12 * v 20v 22
+ 7 ( v 10T22 + W 2 1
b j 0  •  1 A  t W o 3  ♦ x (v 10» l 5 + V20V23
+ y ( v 107 2 J  * V20V23
'21 01 02
31 01 03
>32 " 0 2  03
* x ( v l l v 12 * v 21v 22
+  y (T l l T22 + v 12v21
♦  x ( t u t i 5  ♦ v 21v 23
♦ y ( v n v 2 3 + v 21v 13
+ x (v 0 2 r 13 + v 22v 23
♦ y (» 0 2 T23 + v 12v 13
♦ " 3Ot J 2 J
+ BV30T333
* IV31VJ 2 1 + cy
♦ «t 51Tj 3 ]
♦ *v32v3 3 3
P ro o f  o f  Theorem  3* F o r  th e  e n t r i e s  o f  F » , we h av e  
x  .  y  .  _ ^ +1m, and  a •  22 (^ + 1 ) ( 4 J 2  -  1 )
w ith  ^  0 ,  0  ^ a  ( f t  ,  an d  j  -  0  o r  1*
A g a in , I f  ( b ^ )  I s  to  b e  a  m a t r ix  o f  a n  I n t e g r a l  
fo rm  we m ust h av e
Too  ♦ s ^ +2» d ( » io  + Tlo >  - , 2^ V i o irao
+ 2 ^ V +1^ ( 4 j 2  -  1 ) v| q + 4o 5 0  mod 4 ,
22
4 i  + ^ +2- J ( ’ n  ♦ y l i >  -  ^ +2»V n V 21
+ 22 ^ '* ‘1 ^ (4 J 2 -  l ) V j X + ^ ^ ^ m j c  s  0 mod 4 ,
v02 + ^ +2>J (v 12 * v22) -  ^ J^ +2|wr12T22
+ 2 2<P + 1 )( 4 j 2 -  1 ) ^ 2 ♦ ^ V +4« J«  * 0  ao d  4 ,
y03 + ^ /S*2* ^ v 13 + y |} >  "  ^ +2“ t 13t 23
+ 2 2 V +1^ ( 4 j 2 -  1 ) v23 + 22 V +2^ (4 ;j2 -  l ) c  -  0  mod 4 ,
V O r  * ^ ^ V l t  ♦ > 20t 2p ) "  ^ * lm (v 10v 2 r  + v20v l r )
♦ 22 ^ + 1 )( 4 J 2  -  l ) T 50TJ r  « 0  a o d  2 ,  f o r  p  -  1 ,  2 ,  3 ,
v0 1 v02  + 2 a /9 * 2" J ( Tl l y12 + y 21y 22> -  ^ +1« ( v u »22  ♦ v12v 2 1 >
♦ 22 V +1> (4 J 2 -  1)V j j Vj 2 -  ^ 1+^ 431 m cJM ) mod 2 ;
v01y03 + ^ +2^ ( t 1Xt 13 + V21V23) "  £Pf'fl+1“ (v l l T23 + v 21v1 3 ) 
+ 2 2 ^ + 1 ) ( 4 j 2 _ 1 )v 31t 55 2 0  mod 2 ,
v02y03 + ^ +a« J (v 0 2y 13 + v 22v 23^ -  ^ * lm ^ r 02r 2 }  * r 12v 13)
♦ 2 2(^ + 1 )( 4 J 2  -  DVjjVjj e 0 mod 2 .
Wo f i r s t  show t h a t  i f  e i t h e r  c o n d i t io n  a )  o r  b )  
do es n o t  h o ld ,  th e n  ( b ^ i s  n o t  s e m i - i n t e g r a l .
Suppose t h a t  c  -  k /8  w i th  k  odd . I f  b ^  i s  t o
2b e  I n t e g r a l  we m ust h av e  2 Vqq + k  ■ 0  mod 8 ,  w hich  i s  
I m p o s s ib le .
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N ex t, su p p o se  t h a t  o -  k /4  w ith  k  * 1 mod 4 ,
2We Bust have Vqq + k * 0  mod 4 i f  i s  to  be- i n t e g r a l ,  
b u t  t h i s  i s  im p o s s ib le  w ith  k  a 1 mod 4  and  Vqq -  0  o r  1 .
F i n a l l y ,  su p p o se  t h a t  c -  k /2  w ith  k  odd . I t
2m ust b e  t r u e  t h a t  Vqq ♦ 2k 5 0  mod 4  f o r  1>qq to  b e  
i n t e g r a l .  T h is  i s  a g a in  im p o s s ib le  w ith  k  odd and
v 0 0  -  0  o r
We now show t h a t  e i t h e r  c o n d i t io n  a )  o r  b )  g iv e s  
r i s e  t o  a  s e m i - i n t e g r a l  m a tr ix  ( b ^ j ) •
F o r c o n d i t io n  b )  we have  t h a t  c -  k /4  w ith
1 0  0 0
k s  5 nod 4 . I f  we ta k e  V -
0
0
0
1
0
0
0
1
0
0
0
1
i s  c l e a r  t h a t  ( b ^ )  i s  s e m i - in t e g r a l .
F o r c o n d i t io n  a )  we have  t h a t  c i s  i n  Z. We can  
th e n  ta k e  V « (0 )  s in c e  cF , i s  an  i n t e g r a l  m a tr ix .
P ro o f  o f  Theorem 4 t H ere we h av e  x -  2 Xd, $  ■ - 2 ^ ”* \ , 
z  m 22 ^ ~ ^ ( 4 j 2  -1) w ith  S i  0* d -  0 o r  1 ,  and  X ev en  
i f  j  -  1 f o r  th e  e n t r i e s  o f  F , .  We f i r s t  c o n s id e r  th e  
o ase  S> T h a t i s *  f  i s  an  i n t e g r a l  fo rm .
I f  ( b ^ j )  i s  t o  b e  a  s e m i - in t e g r a l  m a t r ix ,  we m ust
have
24
4 ,  + 22SXJ< ^ 0  4 Tfo> - 22&Xv10v20 + 22(S_1)(^J2- 1>4>
+ 4c s  0 mod 4 ,
+ 22S X j ( v ^  + v f j )  -  22^ X v 11y 2 i  + 22<8 - 1>(4;)2-  1 ) ^
+ 22®f 2 X j e  B 0  m0lj  4 t 
y 22 + 22^ X j ( v 2 2 + v | 2) -  22 ^ A v 12v 22 + 2 2<® 'X) (4 J 2-  1)
_C
+ 22°f2Xjc Z 0 mod 4 ,
V2 J ♦ 2 2 5 X j ( v 2j  + y | j )  -  22 ^ X v 15v 2J + 22(8 - 1> (4j 2-  1)
t  2 (4 J 2 -  l ) c  I  0  mod 4 ,
PfSv pS-1
V o r  + 2 X J ( v 10v l r  + v 20v 2 r ) ’  2 * (v 10v 2 r  + v 20v l r )
+ 22 ^ " 1 ^ (4 J 2 -  l ) v 5Qv 5 r  Z 0  mod 2 , f o r  r  -  1 ,  2 ,  3 ,
V01V02 + 2 X^ VH V12 + v21v22> * 2 X(vl l V22 + v12v21>
+ 22 ^ " 1^ (4 j2 -  " 22^ “1 \ c a 0 mod 2 ,
v01v05 4 221 Xi(»ii»i3 + V21V25) ‘ 2 X(vu Taj + v21v15)
+ 2 2  ^ )  ( 4 j 2 -  D V j ^Vj j  5 0  mod 2 ,
o  c-
v02v03 4 22 X3(»02v15 + y22y23) - 220"1X(v02v23 + »12v13) 
+ 22 ( S - l ) ( 4j 2 .  i ) y  y  ■ o  mod 2 .
We f i r s t  show t h a t  can n ot be s e m i- in te g r a l
i f  e i t h e r  c o n d it io n  a ) o r  b) does n o t  h o ld .
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Suppose c -  k /8  w ith  k odd . We m ust have
2v! + 2^(4J2 - l)v |0 + k s 0 nod 8, T > 0
w hich i s  im p o s s ib le  w ith  k o d d .
S uppose c -  k /2  w ith  k  odd . The c o n d i t io n
r00 + 22 ^ ~ 1 ^ (4 J 2  -  + 2k  £ 0  nod 450
cannot possibly be satisfied.
Next, suppose c -  k /4  with k  a 1 nod 4 .  I f  8  > 1 , 
we must have vjj  ^ + k  a 0 nod 4  for bQQ to be integral.
This is  inpossible with k  a  1 nod 4  and Vqq » 0  or 1 .
In the case 8 - 1. b21 c a n n o t be seni-integral i f  X 
is o d d . Now suppose X j* 0 nod 8. The integrality
pcondition for b21 is  ▼qj^q2  - l)vjjVjg -  t  k a 0  nod 4
where X * 2J0 • I f  X * 2 nod 4 ,  we contradict the 
integrality of b ^  and b22« If  X s 0 nod 4  and 
X * 0 nod 8, we cannot have b2  ^ sen!-integral.
I n  th e  c a s e  8  s  0 ,  f  i s  n o t  an  i n t e g r a l  f o x n ,
2
and  h en ce  F •  xg + a d j  f  i s  n o t  an  i n t e g r a l  f o r a .  H ow ever, 
i t  i s  p o s s ib le  t o  a p p ly  a  t r a n s l a t i o n  t o  F and  o b ta in  
cm i n t e g r a l  f o r a  G. We have 
1 0  0 0
F .
o Xd -V 2 0
0 -V 2 Xj 0
0 0 0  d2- i / 4
A p p ly in g  t o  F ,  th e
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t r a n s l a t i o n  m a t r ix  T
G, « T 'F*T
1
0
0
1/2
0
X j
-X/ 2
1 0 
0  1 
0  0 
0  0 
0
-X/2
Xj
0
0  1 /2
0  0
1 0
0 1
1/2 
0 
0
, we o b ta in
w h ich  i s  th e
m a tr ix  o f  an i n t e g r a l  fo rm . We now c o n s id e r  th e  form  
G + cG w ith  c i n  Q and show t h a t  u n le s s  c  i s  i n  Z i t  i s  
n o t  p o s s ib le  t o  choose a  m a tr ix  w ith  e le m e n ts  0
o r  1 su c h  t h a t  th e  t r a n s f o r m a t io n  whose m a t r ix  i s  
I 4  1 /2*  V 
0  14  
A gain
c a r r i e s  0  + cG i n t o  an  i n t e g r a l  f o r a .
—
1 
w O G. 0 l [ \  1 /2 - v ’
1 /2 .V ' I 4 0  eG . 0 I 4
■ [
G* 1/2-G .V
1/2»V #G, 1 A .V 'G ,V  + cG,
H ere * 1 /4*V #G*V + cG, m ust b e  s e m i - i n t e g r a l ,  and
1/2* V#G*, 1 /2 * G.V m ust h av e  e le m e n ts  w ith  d en o m in a to rs  
a t  m ost 2 . How
27
1/2 V'G. - 1/2
v00 v10 v20 V30 1 0 0 1/2
V01 V11 V21 V31 0 Xd - V 2 0
OJ►° v12 v22 V32 0 Jy2 Xd 0
v03 v13 V23 v33 1/2 0 0 i2
31’ v52, v35, v00» v01» v02* v03 ■ 0.
(0) . I f  J - o , X must be even or
V - (0 ) .
In  order th a t ( b ^ )  sem i-In teg ra l, the diagonal
elements must be in te g ra l .  That i s ,
T00 + (v10 * TicP * i + t30-)2 + v00v30 - X v10v20 + 40
■ 0 mod 4,
V01 4 (vl l  + vl l  + 4o) X1 + v31v01 -  X vl l v21 + v31'*2
Vq2 + ( ^ 2  + v22 + ** + V,oV
■ 0 mod 4,
“  +
v2 + (v2 + v? ) X ■» + Cv2 V0J v 13 *25' * ^ 3 3
32 02 /v 12 22 T T32 Z 0 mod 4 ,
4c);)2 + v0jv 53 -  X v1?v23 
a 0 mod 4*
The non-diagonal elements must be a t  worst halves of 
in te g e rs . The condition  fo r s e m i- in te g ra lity  of bQj i s  
th a t
2v00v05 + v30v03 + 2v10v13 X 3 -  v20v13 X + 2v20v23X ^
-  v 10r 23 X + 2»30t33J 2 + T(X)r 33 + c
be an in te g e r .
Suppose c -  k /2  w ith  k odd . I f  j ■ 1, X i s  
e v e n . I f  X * 0 mod * •  b00 c a n n o t p o s s ib ly  b e  i n t e g r a l .  
I f  X -  2 mod 4 ,  we m ust have v ^ q , v^O* v13* v 23 “ 1 
w hich  c o n t r a d i c t s  th e  s e m i - i n t e g r a l i t y  o f  bQj .  I f  
J » 0 ,  X s t i l l  m ust be e v e n . We have th e  same s i t u a t i o n  
a s  b e f o r e  i f  X -  0  mod 4 .  I f  X £ 2 mod 4  we m ust have  
v 1 0 *  v^q -  1 an d  one o f  v ^  o r  e q u a l to  0 .  A g a in , 
b Qj  c a n n o t be h a l f  an i n t e g e r .
Suppose c » k /4  w ith  k odd . C l e a r ly ,  bqq c a n n o t 
p o s s ib ly  be i n t e g r a l .
The c a s e  c  * k /8 ,  k o d d , i s  a l s o  im p o s s ib le .
We now show t h a t  i f  e i t h e r  c o n d i t io n  a )  o r  b )
h o ld s ,  th e  m a tr ix  i s  s e m i - in t e g r a l .
F o r  th e  f i r s t  p a r t  o f  c o n d i t io n  b ) ,  we have 
c -  k / 4 ,  k  a  3 mod 4 ,  8 ) 0 .  We may ta k e
1 0  0 0
0
0
0
1
0
0
0
1
0
0
0
1
F o r th e  seco n d  p a r t  we have
k  £ 1 mod 4 ,  8 -  1 , an d  X a  0 mod 8 . We ta k e
0 0 0 1
0
0
1
1
0
0
0
1
0
0
0
0
F o r  c o n d i t io n  a )  w ith  c i n  Z , we ta k e  V * ( 0 ) .
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L e t 77? be a  m odule o f  i n t e g e r s  w i th  norm -form  J  . 
However, 717 i s  n o t  a  r i n g  i n  a l l  th e  in s t a n c e s  l i s t e d  i n
Theorems 2, 3 , and  4. The n e x t  th r e e  th eo rem s g iv e  th e
c o n d i t io n s  u n d e r  w hich  $ 1  i s  a r i n g .
Theorem 5 i L e t f  be  o f  ty p e  i ) .  77? i s  a  r i n g  i f  and
o n ly  i f  one o f  c o n d i t io n s  a ) ,  b ) ,  o r  c )  h o ld s .
a) c i s  in  Z.
b) c - k/2 with k odd, ■ 0 , and a 2  * ^
c) c •  k/4 w ith  k . s  } mod 4 , o r
f  ■ a , g “ CL 2  “ ®
k ■ 1 mod 4 an d  < a 1 - a 2 " ° * C L j « l ,  .
m^ i& 2  -  1 mod 4
Clj ■ Cl 2  ■ 0* \
m^mg £ 3 mod 4
Theorem 6 : L e t f  be o f  ty p e  i i ) .  7TI i s  a  r i n g  i f  and
o n ly  i f  one o f  c o n d i t io n s  a )  o r  b )  h o ld s .
a) c i s  in  Z.
b )  c ™ k/4  w ith  k * 5 mod 4.
Theorem 7 : Let f  be of type i i i ) .  73? i s  a r in g  i f  and
only i f  one of conditions a) o r b) ho lds.
a) c i s  in  Z.
b) c  « k /4  with k « 3 mod 4 , 8 > 0, or
k s 1 mod 4 , S -  l ,  and X" 0 mod 8.
30
CLi p CLp p
P ro o f  o f  T h eo rea  5* H ere we ta k e  f  ■ 2 n^x^ + 2 ®2X2
a
■f 2 0  £ C lj < & 2 < CXj, odd f o r  i  -  l « 2 t 5* Then
0 0
a -
*a l2 B,
CL*
2 5n'3 J
and
0 2 ^ 3  
2  -2 » 3
O
0
- P i 40?2
a i ^
* 1*2
The quaternion algebra associated with the fora f  has 
four basal elaaents 1, k ,^ k^, k^  which satisfy the
a u l t i p l i c a t i o n  t a b le
v 2 ?a 24 a3_ k2 -
k l  * ~2 “ 2  3 ! 2 “ *2 1 3 *
k l k2 " 2a 3 “ 3k 3* kl k3 ■ - ^ * 2 * 2
2 ax + ag  
^ X 2^
k2k3 "
and kyk8 ■ -k8kr for r,s  ■ 1, .2, 3«
The n o d u le  Tl w hich h a s  F + cF for i t s  norm-form h as
p1, k^, ••• , k^ for a 2-basis where k j  • - c ,  k  ^ « kik4 » 
k6 * k 2k4* *7 * k3k4*
F o r c  « k /4 ,  k  s  3 nod 4  we have
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an d  t h e r e f o r e  J jl  h a s  f o r
1 0  0 0 
0 1 0  0
0 0 1 0
0 0 0 1
a  Z -b a a la  1 ,  e ^ ,  . . .  , e^  w here e^  -  k 1# e 2 ■ k g ,
■ k^, e^ ■ 1/2 + k^i e^ ■ k^/2 + k^| e^ ■ kg/2 + 
e^ - k j/2  ♦ k^ «
For e •> k / 4 ,  k a 1 mod 4 ,  d ^  -  d g  • C lj ■ 0 
0 1 1 1
we have V
1 0  1 1  
1 1 0  1 
1 1 1 0
and 1 ,  e^ •  k^ ,  e 2 ■ kg,
e x “ k- o (k^  ♦ k2 + k j ) / 2  ♦ k4# e ^  -  (1  ♦ kg ♦ k5 ) /2  
♦ } fy  e6  -  (1  + k x ♦ k j ) / 2  ♦ k g , e^  -  (1  ♦ ♦ k g ) /2  + k^
f o r  a  Z -b a a ia  f o r  1*°* d 1 « d g  -  0 .  Then
1
V -
an d  V
0 0 
0  0 
0  1 
1 0 
0 
0  
1 
1
0
1
0
0
0
0
1
0
0 
0 
0
0  1 
1 1 
0  0 
0  0
I I f  Q j  ) I t  MjBg a  3 nod  4 ,
, I f  d j  -  1* MjBg s  1 nod  4  *
g iv e  1 ,  e^  •  k ^ ,  Og ■ k g , e^  ■ k j ,  e ^  ■ k ^ /2  ♦ k ^ ,  
e ^  ■ k g /2  ♦ k jj, e ^  ■ k j / 2  ♦ k g , e ^  ■ 1 /2  + k^  an d
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1» * k j i  ©g ■ k g , ®3 * ®i|, ■ (kg  + k j ) / 2  + k ^ t
©5 •  k g /2  ♦ k 5 , eg  •  k j / 2  ♦ k6 , .  (1  ♦ k x ) / 2  ♦ k^
r e s p e c t i v e l y  a s  Z -b a se s  o f  1Tl .
F o r  c -  k / 2 ,  k  o d d , a 1 -  0 ,  d 2  •  1 we have 
0 0 0 0
0
0
1
0
0
0
1
0
0
0
0
0
w hich g iv e s  u s  1 ,  ©  ^ -  k ^ ,
©2 * kg* ■ k j ,  ©^ ■ k j / 2  ♦ * k ^ | ©g •  k j / 2  ♦ k g ,
©^ -  k^ f o r  a  Z -b a s is  o f  77 1 ,
F o r  c i n t e g r a l  we ta k e  V -  (0 )  w hich  g iv e s  u s
1 , k^* . . .  , k^  a s  a  Z -b a s is  o f  771 •
P o r  a l l  t h e  above c a s e s  w© can  v e r i f y  t h a t  7fl i s
c lo s e d  u n d e r  n u l t i p l i c a t i o n .
The o n ly  i n s t a n c e  w here 771 i s  n o t  a  r i n g  i s  
w here f  i s  o f  ty p e  i ) ,  c  ■ k /4  w i th  k  a  1 nod  4 ,  * 0 ,
a 2 * X* a 3  > 1* now skow t h a t  u n d e r  th e  above 
c o n d i t io n s  7 f t  i s  n o t  c lo s e d  u n d e r  n u l t i p l i c a t i o n .
P o r  th e  c a s e  c  -  k / 4 ,  k a  1 nod 4 ,  a 1 -  0 ,
CLg •  1* a 3  -  1* « s  h av e  o n ly  two p o s s i b i l i t i e s  f o r  
th e  n a t r l x  V. They a r e
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im
1 0 0 0 1 0 0 0
*10 *11 *12 *13 and *10 *11 *12 *13
0 1 0 0 0 1 0 1
1 1 1 1 1 1 1 0
F o r  e i t h e r  p o s s i b i l i t y  we h av e  e4  -  (1  ♦ ♦ k ^ ) /2
♦ k4 » F o r  th e  p ro d u c t  e^ e4  we h av e
V *  * ( k l  * v 1 0 k l  ♦  k l k 3 )  ♦  k l k 4  
-  k x/ 2  -  2w2w5v 10 -  » 2k2 + k^
■ k^ /2  •  2a2w ^ v ■ «2k2 ♦ e^ “  v^^k^ /2 — k2/ 2  * k ^ /2
e in o e  e^  -  ( T l l k l  * k2  + k ^ ) /2  + k^ f o r  e i t h e r  c a s e .  B ut 
k ^ /2  i s  n o t  i n  771 , h en ce  e^ e4  i s  n o t  i n  771 « and  771 i s  
n o t  a  r i n g .
A ls o , f o r  th e  c a s e  c -  k / 4 ,  k  s  1 nod  4 ,  Q j  ■ 0 ,
1 0  0  0
a ,  - 1 ,  a x > 1 ,  we h a v e  V - * 1 0  * 1 1  1  * 1 3
* 2 0  1  * 2 2  * 2 3ooorH1
F o r  a  Z - b a s i s  w e h a v e  1»  e ^  - ®2 " k2 *  * 3  " k 3
e4 -  ( 1  ♦  v 1 0 k x  ♦  v 2 0 k 2  ♦  k j ) / 2  ♦ k4 ,  e ?  -  (v j^
♦ k5* *6 ■ <ki  + T22k2) /2  ♦ k g , e?  -  (T j jk j  ♦ V jjk j + k j ) /2
♦ v
V *  * <kl  -  ^ 3V 2 > /2  ♦ k j  ♦ V ^ 5 . j k j  -
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B ut (1^  -  2m2lc2 ) / 2  + k^ i s  n o t  i n  7/1 s in c e  i f  i t  
w e re , we w ould have *3 / 2  i n  77Z w hich  i s  a  c o n t r a d i c t i o n .  
H en ce , J f l  i s  n o t  a  r i n g .
P ro o f  o f  Theorem  6 : H ere we h av e  f  « 2^+^ ( jx ^  + x i x 2 +
/3 > °< 0  < a  </S , J « 0 or 1. Then
2 * 2 d 2^+1 0
g/3+1 2^*2 d 0 and
0 0 A .
^ ♦ 2-d - i ^ +1B 0
_ ; p / J + l 0
0 0 2 2(/3+1)(4 j 2 _ ^
The q u a te r n io n  a lg e b r a  a s s o c i a t e d  w ith  th e  form  f  h a s  
f o u r  b a s a l  e le m e n ts  1 ,  k x , k2 , k ^ , k4  w hich  s a t i s f y  
th e  m u l t i p l i c a t i o n  t a b l e
k 2 -  4  -  k |  -  - 2 2 ^ +1^ ( 4 J 2  -  l ) ,
k g k j .  2?+ 2J k 1 ♦ 2^+1k 2 , 
k l k2  .  ♦ A k j ,
k ,k o  ■ “ *2 * 3
k j k j  .  2 ? * \  * 2 ^ 2J k 2 ,
3*2
k j l ^  .  -  jP ln k j,
*3*1 * -  *1*3*
ro 
ro
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The module Tl whose norm -form  i s  F + cF has a  Z -b a s is
x k _ i-2* 7  w here k^ -  - c ,  k ? -  k jk ^ ,  kg -  k2k ^ ,
k ^  *
w hich g iv e s  1 ,  e 1 » k ^ ,  e 2 -  k2 ,
F o r  c -  k /4 ,  k  s  } mod 4  we have 
1 0  0 0 
0 1 0  0
0 0 1 0
0 0 0 1
■ k j ,  e ^  •  1 /2  + k ^ , e^  ■ k ^ /2  + k ^ , eg ■ k ^ S  + k g ,
e^  -  k ^ /2  + k7  f o r  a  Z -b a s is  o f  771 .
F o r  e  I n t e g r a l ,  we have V -  (0 )  and 1 ,  k ^ ,  . . .  , k7
f o r  a Z -b a s ia  o f  771•
I n  e i t h e r  c a s e  i t  can  be v e r i f i e d  t h a t  771 i s  a
r i n g .
P r o o f  o f  Theorem  7 : H ere we have f
♦ d * ' + X X j ) S > 0 ,  X ev e n  i f  j  -  1 . Then
2&) £ ■ » 0
a  - ^ 5 - i 2&j 0 an d
0 0 2^X
" 22§Xj - S ^ X 0
A - - A 1 ;\ 22§XJ 0
0 0 2 2 ( S - 1 ) ^ j 2  _  ^
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The q u a te rn io n  a lg e b r a  a s s o c i a t e d  w i th  th e  form  f  h as  
f o u r  b a s a l  e le m e n ts  w hich s a t i s f y  th e  m u l t i p l i c a t i o n  
t a b l e
v 2  
k l  - - a 2 ^ X j , k f - - A d , k |  -  - 2 2 ^ * 1 \ 4 j 2  -  x ) ,
k 2k 3 -  2 * ,)* ! ♦ ^ _ 1 k 2 , ^5 ^ 2  " “ k2 k 3
*1*3 -  £ - \  + 2 ° J k 2 , k3kl  “ " kl k3 *
*1*2
- 2 S - 1  ■ 2 X + 2 ^X lc V k2 k x -  2 2^ " 1 X -  2 ^ X k ? .
The m odule 71 whose norm -form i s  F + cF has a  Z -b a s is
1 , k1 * « • • * ky w here kj* -  - c , k^ ■ k ^ k ^ « kg ■ kgk^ 1
*7 " k3k4*
P o r  c -  k /4  w ith  k  a  3 mod 4  we a g a in  h av e
”  1  0 0  0  “
V -
0  1  
0  0
0  0  
1  0
w hich  g iv e s  1 , e^ ■ k ^ ,
0  0 0  1
* 2  " k g t O j « k3» *4  " 1 / 2  + k4 1  -  k ^ / 2  ♦ k ^ ,
° 6  * kg / 2  + 1^  e?  -  k j / 2  + Kp f o r  a  Z -b a s ie  o f  771•
F o r  th e  c a s e k  a  1 mod 4 ,  §  ■ 1 , an d  \ s  0  mod 8 ,
”  0  0 0  1  ~
we have 7  -
0  1  
0  0
0  0  
1  0
g iv in g  1 # e x -  k l t
1  0 0  0
■C\J
e
k 2 * *3 " k j*  *4 * k j / 2  ♦ k^» e*. * k ^ / 2  + k ^ ,
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«g -  k g /2  4 k g ,  «r, -  1 /2  ♦ k^ a s  a  Z - b a s is  o f  7X1 •
F o r  c i n t e g r a l  we ta k e  V « (0 )  an d  1 , k ^ ,  • • •  , k^ 
i s  a Z -b a s is  o f  H fl •
I n  th e  above c a s e s  we c a n  v e r i f y  t h a t  "SSL i s  a
r i n g .
We now r e t u r n  to  th e  c a s e  o f  odd p rim e s  and 
show t h a t  i t  i s  n o t  p o s s i b l e  to  f i n d  a  t r a n s l a t i o n  
ta k in g  F 4 cF i n t o  an i n t e g r a l  fo rm  w here c « a / p n , 
n  > 0 ,  a  p rim e to  p ,  an d  F a s  i n  Theorem  1*
L e t  u s  c o n s id e r  a  t r a n s l a t i o n  m a tr ix
r  i 4  1 / p .v *
L °  .
w here V -  ( v ^ j )  h a s  e le m e n ts
0 ,  1 ,  . . .  , p - 1 .  A pp ly ing  T to  F 4 cF we o b ta in
1 /p - V 'F .
l / p #F*V
1 /p  •T #F ,Y  4 a / p n .F ,
How l /p « V #F * , l/p * F * V , an d  ( b ^ )  -  l / p 2 *V 'F.V  4 a / p n .F ,  
m ust b e  i n t e g r a l  m a t r i c e s .
I / P
*00 T10 v20 v30
r01 Y11 *21 *31
r02 v12 v22 *32
*03  v 13 *23 *33
1 0  0
0 ,2 + 0 }  n0  p c  0
0-1+0} 
p  A ^ m 1m30
0
0
0
0
ax+Q g
ml m2
i s  e q u a l  t o  l / p * V 'F . • T h e r e f o r e ,  vQq , Vq^ ,  Vgg, Vq j  -  0 .
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i f  a x » a 2  * a 3  “ °» th e n  v * ( ° )*
I f  bgQ i s  to  be i n t e g r a l ,  we m ust have
o 2  2  Q-i+Qo 2
v 0 0  4  p 2 n 3 v 1 0  4  p “ l V 2 0  4  p Inl in2 v 3 0
+ a /p  * 2  0  mod p  •
T h is  c o n d i t io n  c a n n o t p o s s i b ly  be s a t i s f i e d  i f  Cl^ > 0
orCL^ -  0 and  a 2  > 0.
I f  ■ 0 ,  a 2  ■ °* a 5 > 0 , t h e  i n t e g r a l i t y
2  n«2c o n d i t io n  f o r  bQQ re d u c e s  to  m^gV^Q * a /p  * 0  mod p .  
T h is  i s  im p o s s ib le  i f  n  > 2 s in c e  y^q  m ust b e  z e ro .
T h u s, we h av e  o n ly  th e  c a s e  n  ■ 1 t o  c o n s id e r .  I f  CL^ > 1 ,  
we have ap  > 0  mod p w hich  i s  im p o s s ib le .  S uppose now 
t h a t  a 5  -  1 . The i n t e g r a l i t y  c o n d i t io n s  f o r  b0 0 , 
bQ 1  r e d u c e  to
2 2
+ V20^1®3 4 a  " 0  mod P»
2 2
v l l m2m3 4 v 21ml m3 s  0  mod p *
v 10Tl l " 2 B3 + T20v 2 l “ l " 3  •  0  P-
T hese t h r e e  c o n d i t io n s  im p ly  t h a t  a  m 0  mod p  w hich  
i s  a  c o n t r a d i c t i o n .
CHAPTER I I I
j
G iv en  a  m odule ~ftl o f  i n t e g e r s  o v e r  th e  r i n g  
Z /p t  w ith  n o rm -fo rm  ?  , we now o b ta in  c o n d i t io n s  on 
^  i n  o r d e r  t h a t  7JI p o s s e s s  an  iso m o rp h  ( i n  t h e  m odule 
s e n s e )  w h ich  i s  a  r i n g .
We f i r s t  c o n s id e r  th e  c a s e  o f  odd p rim es*  I f  
p i s  an  odd p r im e , we have  e q u iv a le n t  t o  a  fo rm
, . p CLi p CL? p
(4 )  Xq + mxp Ax J  + . . .  + m^p
w here 0  < a  ^  < . . .  < C t^ , i s  e i t h e r  1  o r  V { V  a
q u a d r a t i c  n o n - r e s id u e  o f  p ) .  S in c e  th e  d e te rm in a n t  
o f  ( 4 )  i s  a  f o u r t h  p o w er, we have  ( m ^ .. .m ^ /p )  -  1
an d  2  Ct. i s  a  m u l t ip l e  o f  4 .  E xam in ing  th e  
i - 1  1
p o s s i b i l i t i e s  f o r  th e  m  ^ and  th e  i t  c a n  b e  v e r i f i e d  
t h a t  we may r e a r r a n g e  (4 )  a s
( C\ _ 2  _ ^ 1  2  _ . _^7_2(5 /  3Tq + + • • •  + DyP
w here 0  ^ 2  < f t  ( n ^ n ^ ^ / p )  -  1 , an d
/ 3 i  2  i® l a  o t h e r  w o rd s , we may w r i t e  (4 )
i n  th e  fo rm  F + G w here  th e  d e te rm in a n t  o f  F i s  a  s q u a r e .  
I f  we c o n s id e r  th e  n a t u r a l  m u l t i p l i c a t i o n  t a b l e  
a s s o c i a t e d  w i th  F + G, th e  m odule o f  i n t e g e r s  whose 
n o rm -fo rm  i s  F + G c a n n o t b e  a  r i n g  u n le s s  F i s  a  B ra n d t
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norm -form  and  G s a t i s f i e s  c e r t a i n  o th e r  p r o p e r t i e s .
I n  t h i s  c h a p te r  we s h a l l  p rove  th e  p re c e d in g  s ta te m e n t  
an d  d e te rm in e  c o n d i t io n s  on G so  t h a t  th e  m odule whose 
norm -fo rm  i s  P + G i s  a  r i n g .
Theorem 8 : L e t W l  b e  a  module o f  i n t e g e r s  o v e r  Z /p ^
w ith  norm -form  3  w h ich  i s  e q u iv a le n t  to  a  form
# 2  a l  2  a 7 2« Xq + mxp Ax 1  + . . .  + rn^p ' x y
w here 0  < < . . .  < and  i s  e i t h e r  1  o r  V  .
I f  t K  i s  th e  iso m o rp h  o f  'Tfl w hose norm -form  i s  3  * 
an d  i f  p o s s e s s e s  an  iso m o rp h ic  module w hich  i s  a  
r i n g ,  we may r e w r i t e  "J.* a s  F + G w here F i s  a  B ra n d t 
no rm -fo rm .
P ro o f :  From th e  p r e v io u s  rem a rk s  we can  alw ays
r e w r i t e  7 '  a s  F + 6  w here th e  d e te rm in a n t  o f  F i s  a  
s q u a r e .  C o n s id e r  a  r e a r ra n g e m e n t o f  3 *  i n  th e  fo rm  
F + G so  t h a t  F i s  n o t  a  B ran d t n o rm -fo rm . T hat i s ,
F " yo + + 0 i  i  @2 i  ^3*
we have (n ^ n g n ^ /p )  * 1 , + ^ 3  b u t
> f t  ^ + /$  2 . Ve o b ta in  a  s e t  o f  b a s a l  e le m e n ts  
c o r r e s p o n d in g  to  th e  m odule whose norm -form  i s  F ♦ F 
an d  b y  t r a n s fo rm in g  F i n t o  G o b t a in  a  s e t  o f  b a s a l  
e le m e n ts  o f  th e  m odule whose norm -form  i s  F + G. We 
may w r i t e  F a s  yg  + a d j  f  w here
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a d j  f  -  H j P ^ y f  ♦ n 2 p^ 2 y |  + Then
/*2 +> V A  * 1 * ^ 2
 2 —  2  ---------- 2 —  2  '"5  2
f  ■ 8 ^p + ^ 2 ^  ^ 2  + 8 j ^  7 3 *
w here ® - | ® 2  ■ ®i® 3  * n2 * S2S3 * n l*
C o rre sp o n d in g  to  F ( o r  f )  we h av e  th e  f o u r
b a s a l  e le m e n ts  1 , d j  w here
df - - n j / 1 , df - - n ^ 2 , d2 - - n jp ^ 5 ,
d^ 2  ■ ®3 p d^ * d2 «il ■ “ ^1 ^ 2
f t 2*fti)" ft 1 
 ^ -----
d2^ 3 “ ®jP d^ * 3^*^ 2 " " d2d3
 T —
d^d^ “ ®2 P ^2 * ^ 1 ^ 3  "  *^3^1*
S in c e  + /$  g*. d jd p  i s  n o t  i n  th e  module
whose norm -fo rm  l a  F + F . I f  f o r  e v e ry  re a r ra n g e m e n t 
o f  rJ *  i n  th e  form  F + G, F i s  n o t  a  B ra n d t n o rm -fo rm , 
th e n  W,* cannot p o s s e s s  an  iso m o rp h ic  m odule w hich  i s .  a  
r in g *  T h is c o n t r a d i c t s  th e  h y p o th e s is  of* th e  th e o re m .
C hang ing  th e  n o t a t i o n  s l i g h t l y ,  we s h a l l  w r i t e  
3&# i n  th e  fo rm  F + cG where c  i s  i n  Z* We now show 
t h a t  F and  0  a r e  p - a d i c a l l y  e q u iv a le n t  f o r  odd prim es*
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Now
cp < J ' )  -  cp (F  ♦ cG)
- C-l.-DpCdj^PpOpCFjCpCcG)
■ cp ( F ) c p (cG)
w here d^ an d  dg  d en o te  th e  d e te rm in a n ts  o f  F an d  
eG r e s p e c t i v e l y .  M oreo v er, d^ an d  dg a r e  s q u a r e s .
A lso
op (cG ) » (° » dp p c p ^ G)
-  cp(G)
w here d£ d e n o te s  th e  d e te rm in a n t  o f  G whioh i s  a  
s q u a re .  T h e r e f o r e ,  •  cp ( F ) c p (G) « 1 .  H enoe,
ep (F ) -  ep (G) « 1 o r  - 1 .  I t  i s  c l e a r  t h a t  d^ «* t  d2 
f o r  sowe t  an d  th e  num ber o f  v a r i a b l e s  i s  th e  same f o r  
e a c h  form .
We a d o p t  h e re  a  s h o r th a n d  n o t a t i o n  f o r  d ia g o n a l
P  P I  P r P  P  0 x  pfo rm s . F o r t h e  form  xg  ♦ m ,p x£ + m^p x |  ♦ m^p ^ x | ,
we s h a l l  w r i t e  < l , m j p . ^ > .  To d e n o te
r a t i o n a l  p - a d i c  e q u iv a le n c e  o f  tw o fo rm s F and  G, we 
s h a l l  em ploy t h e  symbol " — ” and  w r i t e  F ~  G.
A g ain , l e t  771 b e  a  module o f  i n t e g e r s  o v e r  
Z /p ^  w ith  no rm -fo rm  ’J- • As we h a v e  se e n  b e f o r e ,
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'J- i s  e q u iv a le n t  t o  o f o r a  y>0 o f  th e  ty p e  ( 4 ) .
L e t  f f l 0 h e  th e  is o a o rp h  o f  77? whose n o r a - f o r a  i s  r3" 0.
By T h eo rea  8  we a a y  w r i t e  rJ - 0 •  P ♦ cG w here P i s  a 
B ra n d t n o r a - f o r a ,  c  i s  i n  Z, an d  P ~  6 . T h a t i s ,
P ■ ( l i a j p ^ n g P ^ a j P ^ )  w here 0 ^  + 0 ^  ♦ 0 ^  i s
even, (a^ a^ /p ) - 1, and 0  ^ ♦ 0 2 > 0 01* 0 }  I f t2'
@ 2  * $ 1  -  G “ <1 *n iP ^ 1 *n 2 P^2 *n 3 ^ 5> » h « re
y i  ♦ y 2 + y ^  i s  ev en  and  ( n ^ n ^ ^ / p )  ■ 1 ;  c ■ a p § ,
8  ) 0 ,  a ■ 1 o r  1/  •
P an d  6 a r e  b o th  r a t i o n a l l y  e q u iv a le n t  to  one o f
th e  fo l lo w in g  f o r a s :
I f 1 . 1 ,  1> ° p  ■ 1
I t I t I f ,  V ) ° p  * 1
I f I t Pf p> CP * ( - 1 / p )
I f Vf VPf .  P> 6P • - ( - 1 / p )
I f I f I f p ,  l fp> CP - ( - 1 / p )
U sin g  th e  f a c t  c (P )  » .c  (G ) , we have  th e
•  r *
f o l lo w in g  21 p o s s i b l e  c o m b in a t io n s *
P ~  G ~
P o r  any  p  <1, 1 ,  1 ,  1> <1, 1 ,  1 ,  1>
<1, X, v ,  V )  a , \ , v , v > ^
<1, 1» Pt P^ l j  Pt P^
< 1 ,1 / ,  t / p ,  P> < 1 * ^ *  1/ Pt  P>
4 4
<1, l t l / p ,  V p> <1, 1 , VV*
<1, 1 , 1 , 1> <1, 1 , V % U>
<1* 1 , V  ,  V )  <1, 1 ,  1 ,  1>
<!♦ I t  P» P> <1. 1# I 'P t  ^P >
<1, 1 ,  i / p ,  ^  p> <1, l t p ,  p>
F o r  p  -  1 nod  4
<1, 1 , 1 .  1> <1, 1 . P t P>
<1* 1 . V , v > <1, 1 . 1/ p ,  v  p>
<1, 1 , P t p> <1, 1 , 1 .  1>
< l t 1 , V p , V p> <1, 1 , V  , i/>
<1. 1 . V  y V > <1. 1* P t p>
<1, 1* P t P> <1. 1 . U t l/>
<1, 1 . 1 ,  1> <1, I f 1 / p , l /p >
<1, 1 . l- 'P t v p ) <1. 1 , I t  1>
F o r  p  * 3 mod 4
<1, 1 ,  1 ,  1> <1, V , l / p ,  p>
<1, V ? % P> <1* 1 .  1* 1>
<1, 1 , V * V> < l t  I ' t  I 'P ,  P>
<1,1^ I / p t p> <1. 1 ,  fc '.l ')
G iven  a  no rm -fo rm  'J' * » F ♦ cG, F an d  G a r e  r a t i o n a l l y  
e q u iv a le n t  t o  one o f  th e  p re c e d in g  21 p a i r a .  Ve now 
d e te rm in e  n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t io n s  t h a t  
^  * -  F ♦ cG, F a  B ra n d t no rm -fo rm , he th e  norm -form  
o f  a  r i n g .
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We f i r s t  o b ta in  a  Z -b a s is  J -  ( l t . . .  t
f o r  th e  m odule 71 whose norm -form  i s  F + cF . I f  T
d e n o te s  th e  m a tr ix  o f  th e  t r a n s f o r m a t io n  c a r r y in g  F
I n to  G, th e n  k  -  ( 1 ,  k ^ ,  . . .  , k^) -  l a  a  Z -b a s is
o f  th e  m odule W S  whose norm -form  I s  J  0 . We th e n
w r i te  o u t  e x p r e s s io n s  f o r  a l l  p ro d u c ts  k  k  » r , s  -  1 ,  . . .  , 7r  s
an d  d e te rm in e  th e  n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t io n s  t h a t  
be  c lo s e d  u n d e r  m u l t i p l i c a t i o n .
Theorem 9 i L e t  p be any odd p rim e and  suppose
I f  s  mod 2 , y 2  “ @2 mod 2 * z  mod 2 »
th e  m a tr ix  o f  th e  t r a n s f o r m a t io n  w hich  ta k e s  F i n t o  G i s
F ~
1 , 1 , 1 , 1 > 
1 ,
I t  P f P>
1 . 1 , 1 . 1 > 
1 .
I f  I f  Pf P>
1* V  , V  p ,  p>
I f  I f  t 'p f  l- 'p )
I f  v % J 'p f  p>
1 * 1 , v P , V P>
1 0  0 0
0
The fo l lo w in g
0 0 p 0
0 0 0 p
a r e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n s  f o r  F + cG
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t o  be  th e  norm -form  o f  a  r i n g :  1 7x*  ^ 2  » ^ 2 *
£ 3  i  7 3 -
P ro o f :  Suppose th e  m odule o f  i n t e g e r s  whose norm -form
i s  P + cG i s  a  r i n g .  The m odule whose norm -form  i s  
P + cG h a s  a Z - b a s is  1 ,  . . .  , Jy  w here
i f  -  -m1 p^ 1 , j |  •  -m2 p^ 2
^1^2 " S3P *^3f
^2*^3 "  * 1 ?  ^ x 1
Jj^X  * ®2 P ^2 *
.2 ^3
J j  ■ “ mjP  »
^ 2 ^ 1  “ ” ^x *^2
^3^2 " “ ^2^3
«Jx^3 * " J 3 J 1
6illd |  8 1 |  8 ^ 8 ^ * |
2  s■ —c ■ — mp , j j  ■ dx^4* ^6 * ^2^4* *V " *^ 3*^ 4 *
By tr a n s fo rm in g  F + cP i n t o  P + cG w ith  a  t r a n s f o r m a t io n
whose m a tr ix  i s X4 0 
0  T*
we o b ta in  a  q p t  o f  b a s a l
e le m e n ts  1 ,  k ^ ,  . . .  , ky f o r  th e  m odule whose norm -form  
i s  P + cG w here
^X " J'x* * 2  * ^2 * k 3  " ^3 * ^4  " *^ 4*
7 i" ^ x  7£” ^2—— ■ as "»'k ■
■ P fcg “ P ' tlgf * P «Jy»
To w ith in  a s ig n , we have
P i - T l
— 2  
ki k4 * Ji J4 “ H  “ p H
p z  - %
*2k4  “ ^2^4 “ ^6 " p *6
k 3k4  " J 3 J 4  “ P 2 Jc?
k 2  -  *4 mpS
k4 k 5 “ d j * |  - ■ P ^ i
£
•  mp°k^
k4k6 ” *^ 2k4  " ®PS J 2
£
» mp^kg
*4*7 " ^3 * 4  " mp°J3 -  m p ^
k l k5 " “ lP ^ 1 ^  " ml p^ l k 4
* 2 ^  " ®3p <^7 * ®3p ^ 7
W r y *
k3 k 5  “ ®2P ^6 “ ®2P k  
p $  P i 8+fi±k |  -  mp m^p -  mmjP 
kjkg -  ap^s5p d3 -  ms5p
4 8
■ flip SgP m ®®gP 1^
^ 1 ^ 6  " ®3P ^7 " ®jP ^
A  fak2^ 6 “ *2P J4 “ m2p k4 
/% + & -# !
k3k6 " m2 p d5 " s l p k 5
k |  -  m p ^ y p ^ 2  -  mm^I^ ^ 2
£  f a +fa ~ & l * fa + fa ~ fa
kgk^ -  mp°8jp Jj -  ms-jp 2 ^
f a + f a ' f a  P i+ f i fY z
k l ^  " 8 2 p ^ 6  “ S2 P **6
f a +fa ~ fa  f a b - V i
^2^7 “ 8 xp J 5  * ®ip k 5
f a  f a
*3*7 " m3p 4 " m3p 4
v2 8 fa  S +fak£ .- Bp BjP  ^ -  mm5P p
S in c e  we have assum ed t h a t  th e  m odule whose
norm -form  i s  P + oG i s  a  r i n g ,  1 ,  k^, . . .  , k  ^ i s  a
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Z -b a s is  and  th e  pow ers o f  p i n  th e  p r e c e d in g  m u l t i p l i c a t i o n  
t a b l e  m ust b e  n o n - n e g a t iv e .  T h a t i s ,  /3 ^  -  y ^  > 0 ,
0 2  -  y z i  0 ? -  r 3  > ♦ 0 2  -  r 3  >
01 + £3 - 7a 2 °* 02 + 03 - 7i 2 2§ ♦ 0 i
+ 02 - 03 > °> 2S + 02 + 03 - 01 2 °» “ d
2 8  + j 3 i  + / ^ 3  “  S in c e  P i s  a  B ra n d t norm -
fo rm , we have ^  + j 3 2 > £ 2  + £  3  2  ^ l »
@ ^  we 8 ee  c o n d i t io n s  £ 7 i .
0 2  2  r 2 . / ® 3  2  7 5  a r e  n e c e s s a r y .
«  0 X -  mod 2 , f t 2 8  7 2  mod and  
8  T j  mod 2 ,  th e  t r a n s f o r m a t io n  whose m a t r ix  i s  T* 
c a r r i e s  F i n t o  6 . I n  v iew  o f  th e  p r e c e d in g  m u l t i p l i c a ­
t i o n  t a b l e  th e  c o n d i t io n s  > y^» y# 2  2 '  T^* @ 3 » 7 ^ 3  
a r e  s u f f i c i e n t  f o r  c l o s u r e .
Theorem  IQ i L e t  p  b e  any  odd p rim e  and su p p o se
F r*
a )  <1, 1 ,  1 ,  1> <1, 1 ,  V , l / >
b )  <1, 1 , V % V )  <1, 1 ,  1 ,  1 >
c )  <1, 1 ,  p ,  p> <1, 1 ,  w % V  p>
d) <1, 1 ,  V  p ,  i / p> <1, 1 ,  p ,  p>
i f  y ^  mod 2 , y 2  8  @2 “ od 2 » 81X1(1 7 * 3  = / ^ 3  mod 2 *
y 2  s  mod 2 , an d  y ^  s  y# 2  mod 2 » m a t r i c e s  o f  th e  
t r a n s f o r m a t io n s  w h ich  c a r r y  F i n t o  6  f o r  th e  f o u r  above 
c a s e s  a r e  a s  f o l lo w s :
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f o r  a )  an d  c )
f o r  b )  and  d)
1 0
7 i~ P i
0 0
0 0
7 2 -0 2
0
r ?^2
0 0 ap  S bp 2
0 0 -bP ^ ap  ^
1 0
7 r h
0 0 .
0 p * 0
7 T 0 2
0
7*t &2
0 0 sp 2 
* 7 0
p p  2
7j-ft
0 0 >  3 g p 2
and
w here
a 2  + b 2  2 17 mod p.. The fo l lo w in g  c o n d i t io n s  a r e
n e c e s s a r y and  s u f f i c i e n t  f o r  P + cG to  be th e  norm -
fo rm  o f  a r in g :
f t  2 7 i 2 §  + 7 i  - f t  2 0 7 2 + f t  -  7 5  2 0
f t  2 7 2 2 8  + f t  - f t  2 0 7 5 * f t  -  7 a  > °
f t  2 7 3 2 8  + 7 2 - f t  2  0
Ofrvj
+£
f t  2 7 5 2 8  + f t - f t  2 0 7 3  * f t  -  7 i  > 0
f t  2  7 2 2 8  + f t - f t  2  0 a S  + 7 5 ♦ y 2
-  > 0 ,
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P ro o f :  The p r o o f  I s  s i m i l a r  to  t h a t  o f  Theorem 9*
The p r o o f s  o f  Theorem s 1 1 -1 5  a r e  a l s o  s i m i l a r  
to  t h a t  o f  Theorem 9*
Theorem 1 1 : Norn su p p o se  p a 
F ~
1 mod 4- and 
G ~
a) < ■ 1 , 1 , 1 > <1 , 1 . P t P>
b) < . 1 , V , U> < lt  I t l^P t U p )
c ) < * 1  * P* P> <1 , I t 1 , 1 >
d) < , 1 , UP% W > <1 , 1 , U % U>
e ) < , 1 , U> <1 » 1 . P t  P>
f ) < t 1 * P . P> < lt  I t u , u  >
«) < , 1 , I t 1 > < l t  I t v p f u p )
h) < * 1 * U P t U P> < l t  1 , I t  1 >a
I f  y1 a P i mod 2 t 7 2 "  ^ 2 mod 2 , y 3 * ^ mod
jt ygg  mod 2 , and  mod 2 , th e  m a tr ic e s
o f  th e  t r a n s f o r m a t io n s  w hich  c a r r y  F i n t o  G f o r  th e  
e i g h t  above c a s e s  a r e  a s  f o l lo w s :
f o r  a ) 9 b )y  c ) *
1
0
0
0
p
0
7x~k 
2
0  0  
7 2 -4 T 1 T r ^ r *
Pp” 2 - s p - ^ -
y jd k l
0  - s p  r p
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f o r  e ) ,  h )
1  0  
r r f i l
( a r - s t )  2  
£ p
V  p
7 3 -P 2 -1
(a s + rb )  2
V p
( a r » a b ) 2
V  V
and  f o r  f ) ,  g)
1  0
7 1 -0 1
7 2 -0 3 -1
( a r - a b ) p
- ( a r + 8 b )p
72-0J-1 — 2
( a 8 + rb )p  *■
M l
(ar-Bb)p 2
o p  p p
w here a  + b  a  mod p and  r  + s  « p .  I f  P + cG 
i s  to  b e  th e  norm -form  o f  a  r i n g ,  i t  i s  n e c e s s a r y  and 
s u f f i c i e n t  t h a t
A -%  2 0
A .-7 2 -1 2 0
f e - V 1  i 0
0 }-7 2- i  > o 
1 8 3 - 7 3 - 1  > 0
£ » y x - h  2 0
aS»72-02-i * 0 
aS»72 - 0 3 - i  > 0
& r f y A ~ 'L  -  0
2 ^ 7 3 -/3 3 - 1  > 0
7 2+0 i-7 3  2 0  
7 2 ^ a - 7 i - i  2 0  
7 2 ^ 3 - 7 ! - i  2  0  
7 3 ^ i - 7 2  > 0
73*/92-7i-i 2 0
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Theorem s 1 2 -1 5  d e a l  w ith  c a s e  p « 3 mod 4 .
Theorem  1 2 : I f P  ~  <1, l f 1* 1> an d  6  <1, 1/ p ,  p ) ,
z  mod 2 « y ^  ® f i 2  mod 2 , y 2  % f t 2  mod 2 ,
7 3  * mod 2 * y 2 + y S i  mod 2 , 7 5  *  ,5  x mod 2 ,
y 2  ^  3  mod 2 , and  y 3  ^  / 3  2  mod 2 » m a tr ix  o f  th e
t r a n s f o r m a t io n  c a r r y in g  F i n t o  G i s
1 0 0 0
y i ; A r 2 ^ i - 1
0 au  p
2
b ru  p b s p  5
r i - A y 5 - A - 1
0 bu p  S - a r u  p
2 f c £ 2
- a s  p  ^
a # - 4
0 0 su  p r p  2
2 2 2 2 2 w here a  + b  5 - 1  mod p ,  p -  r  -  s  , an d  -  v  a  u  mod p .
The f o l lo w in g  a r e  n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t io n s  f o r
F + cG t o  b e  th e  n o rm -fo rm  o f  a  r i n g :
h-y11 ° ^ r rP i i 0 yz+zh-yr 1 1 °
& - 7 2- i  > o  £ » y -r P 2  > o  y 2 ^ 2 - 7 i - i  > o
/ V 7 j - i  l  0  2 & 7 2 - & - i > o  7 2 ^ 2 - 7 5  > °
/S 2 - 7 i  > o  2 ^ 7 2 - /% - i  > o  7 2 ^ 3 - T l- 1  > o
/32_y2-1 2 0 aS»72-/%-1 > o 73+/S1-71- i  > o
5 *
fi2- y r i  > o > o 7 ^ - 7 ^  I  0
^ - y 2-x  > o 2 ^ 7 5- ^ - i  > o 7 ? P i - 7 2  I  0
> o 2 ^ 7 } - / % - !  > o  7 j ^ 2 - 7 i ' 1  > 0
^ 7 2 +A -  i  * 0  7 3 ^ 3 - y i - 1  2  o •
2St72^ 3-72 > o
Theorem 1 5 : I f  F ^  ^P »  P> and 0  ^  <1, 1 ,  1 , l > t
^ 1 * ^ 1  m o d  I f 2  *  f i l  n o d  y %  ^  f t 2  m o d
T j  *  5 *od  2 , y x *  y g 2 mod 2 ,  y x *  / S j  mod 2 ,
7 2  ^  /5  3  m° d  2 t an d  y ^  ^  {$  2  mod 2 * t l ie  t r a n s f o r m a t io n
ta k in g ' F i n t o  0  h a s
1 0 0 0
7x"A TirA
0  - g  p ^ “  - 5  p“ 5 “  0
T r / V 1 y 2-g 2*i. y 3" ^ ]
0  = £  p  a  “  p  2  =S p " ^ “
y r f o -1  2
2  p 3
0  b s  p - s a  p  r  p
1
p p p o
a s  i t s  m a tr ix  w here a  + b  s  - 1  mod p ,  p  ■ r -  e ,
2an d  -  y  a  u  mod p .  The f o l lo w in g  c o n d i t io n s  a r e  
n e c e s s a r y  and  s u f f i c i e n t  f o r  P ♦ cG to  b e  th e  norm -form  
o f  a  r i n g :
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A - *  2 o 2 5 >  o
f e - y 2  2  o & * y x - h - x 2 ®
^ i-y 2- i  > 0 s S o i - f t - 1 i  0
^ - y ? - 1 2 0 > o
0 2S»r2- ^ - i  > o
0 £ * y 2 - P y \  > o
0 & * y y P 2 - \  > 0
0 a S ^ - i  > o
Theorem 14: I f  P — <1 ,
T i  " £ i mod 2 , 7 j  *  / # 5  ®od 2 ,
y 2 ^ 5 mod 2, and y 5 * ^  1  mo
tr a n s f o r m a t io n  c a r r y in g  F i n t o  G
1 0 0
T J r /V 1
0 0
Ihrh
BU p *
0 p  2 0
7 2 ^ r x
0 0 r  p ^
y 2 +/9 2 - '> i- 1 2 0
y 2 ^ - T i - i  2  °  
y ^ s - y i- 1 2 0 
y ^ - T i - 1 > o
r  p 
0
M i
7 ?  “A ” 1
2 2 2w here p ■ r  -  s  an d  - y  ■ u  mod p .  I n  o r d e r  t h a t
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P + cG be th e  norm -form  o f  a r i n g ,  i t  i s  n e c e s s a r y  and
s u f f i c i e n t  t h a t
> 0  £ + 7 i-fi2  i  °
I  0
2& y 2- ^ - i  > o 
> o  
aS f75- / ^ - i  > o
T ^ P i - y y
y 2^ - r r
y 2 ^ - 7 i -
v w
v w
7 ? k ? A -
v w
o 2y2*/Br y} > o. 
0
0
0
0
0
0
Theorem 1 5 : I f  P ^  <1, l / f V  p ,  p> an d  0  ~  <1, 1 %V %v)%
i f  y 2 -  “ o<i 2 « 7 \ *  0 2  ■od 2 * *  0  3 BOd 2 *
/( f i  ^  mod 2 * and y $  & f t  2 mod 2 f  t l ie  t r a n 8 f o r i n a t l 0 1 1
c a r r y in g  P i n t o  6  h as
y z - P i
—7—
1 * r  p
T i-0 2 -1
2
r  p 2 - s u  p
V o t e . 2
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2 2  2 fo r  i t s  m atrix where p ® r  -  s , and -  V s  u mod p .
I f  F + cG i s  to  he the norm-form of a r in g , i t  is
necessary and s u f f ic ie n t  th a t
^ - y 2  > 0  a S + y ^ - i  > 0  y ^ Q r Y y i  > o y ^ - y ^ i  > o
a S o i - z V 1  > o  y M - V 1 2 0  V ^ i - 1  2 0
s& y3-& -i > 0  y 1 +4 -y r i  > o y ,* / |- y 2- i  > o
£ » y y P y i  > O y 1+^ j-y2- i  > o y 5*/^ -y2- i  > 0
2 S fy 2 - /^  > o  2 > i ^ - y }  > o
^ y 1+y5- ^  > o a y , * / ^  2 °-
At l e a s t  two o f  th e  r e l a t i o n s  y ^  + y g  > y ^ ,
y x + y ^  > » y 2 * ^ 2  + 7^3 2 7 l  mu8t h o ld .  T hus, some
o f  th e  c o n d i t io n s  l i s t e d  i n  Theorem s 10-15 a r e  r e d u n d a n t . 
A ls o , th e  a u th o r  i s  t r y i n g  to  im prove on th e  p a r i t y  
c o n d i t io n s  g iv e n  i n  Theorem s 9-15*
A s tu d y  o f  m odules o f  i n t e g e r s  o v e r  th e  r in g  
2 /2 *  i s  now b e in g  made by  th e  a u t h o r .  The p ro c e d u re  
i s  somewhat more c o m p lic a te d  th a n  t h a t  f o r  m odules o v e r  
Z/'p* w here p i s  an  odd p r im e . A lso , th e  num ber o f  
o a s e s  t o  be  c o n s id e r e d  i s  much l a r g e r .
The a u th o r  hopes to  f i n d  a  c h a r a c t e r i z a t i o n  o f  
th e  m odules o f  i n t e g e r s  w hich  a r e  r i n g s  i n  te rm s o f  th e  
o r d in a l  i n v a r i a n t s  o f  t h e i r  n o rm -fo rm s. Some work h a s
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been done in  th is  d ire c tio n , bu t no such c h a ra c te r iz a tio n  
has y e t been found.
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